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THE APRIL MEETING OF THE AMERICAN 
MATHEMATICAL SOCIETY. 


A REGULAR meeting of the AmericAN MATHEMATICAL 
Society was held in New York on Saturday, April 30th. 
Thirty persons were in attendance, including the following 
twenty-three members of the Society : Dr. J. B. Chittenden, 
Professor F. N. Cole, Dr. J. W. Davis, Mr. G. B. Germann, 
Professor James Harkness, Professor Harofd Jacoby, Mr. 
C. J. Keyser, Professor Pomeroy Ladue, Professor E. O. 
Lovett, Mr. James Maclay, Professor W. F. Osgood, Mr. 
J. C. Pfister, Professor A. W. Phillips, Professor James 
Pierpont, Professor C. A. Scott, Professor W. E. Story, Mr. 
W. M. Strong, Professor H. D. Thompson, Professor J. M. 
Van Vieck, Professor E. B. Van Vleck, Professor A. G. 
Webster, Miss E. C. Williams, and Professor R. S. Woodward. 

The meeting extended through a morning and an after- 
noon session. The First Vice-President of the Society, 
Professor R. S. Woodward, occupied the chair. The Coun- 
cil announced the election of the following persons to mem- 
bership in the Society : Mr. Carl C. Engberg, University of 
Nebraska, Lincoln, Neb. ; Professor Gaetano Lanza, Massa- 
chusetts Institute of Technology, Boston, Mass. ; Mr. Der- 
rick N. Lehmer, South Omaha, Neb.; Dr. G. A. Miller, 
Cornell University, Ithaca, N. Y.; Professor Eugene R. 
Smith, Cazenovia Seminary, Cazenovia, N. Y.; Mr. Alva 
C. Washburne, New York, N. Y.; Mr. William H. Wil- 
liams, State Normal School, Platteville, Wis. Four appii- 
cations for membership were received. 

The By-Laws of the Society were amended to provide for 
life-membership, the dues being fixed at fifty dollars, exclu- 
sive of initiation fee. 


The following papers were presented :— 


(1) Professor W. F. Oscoop :—‘‘ Example of a single- 
valued function with a natural boundary, whose inverse is 
also single-valued.’’ 

(2) Mr. J. K. Wurtremore :—“‘ A proof of the theorem : 


y) O*f(z, » 
Oxdy 


(3) Mr. H. E. Hawxes:—‘‘ The limitations of Greek 
arithmetic. ’’ 
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(4) Professor H. S. Ware :—‘‘ The construction of spec- 
ial regular reticulations on a closed su: 

(5) Professor E. O. Lovert : —“ Tnfinitesimal transfor- 
mations of concentric conics.’’ 

(6) Professor E. O. Loverr :—‘‘ Note on infinitesimal 
projective transformations.”’ 

(7) Professor Maxime Bécuer :—‘‘ Note on Poisson’s 

integral.’’ 

(8) Mr. W. M. Srrone :—‘‘On the necessity of conti- 
nuity in Euclid’s geometry.’’ 

(9) Professof A. G. WrEBsTER :—‘‘ Note on Stokes’s theo- 
rem in curvilinear coordinates.”’ 

(10) Professor E. B. Van ViEck :—‘‘ On the polynomials 
of Stieltjes." 

(11) Mr. G. P. SrarKweaTHER :—‘‘ A solution of the 
biquadratic by binomial resolvents.’’ 

(12) Dr. G. A. MittEr:—‘‘On the supposed five-fold 
transitive function of 24 elements and 19! 48 values.’’ 

(13) Dr. G. A. Mritter :—‘‘On the Hamilton groups.’’ 

The papers of Professor White and Dr. Miller, and Pro- 
fessor Lovett’s first paper were read by title. The papers 
of Professor Bécher and Mr. Whittemore were presented by 
Professor Osgood, and Mr. Starkweather’s paper by Professor 
Pierpont. 

Most of the papers presented have been or will be pub- 
lished in the BuLLetin. 


Dr. Miller’s first paper will be offered for publication in 
the Messenger of Mathematics. In his ‘‘ Mémoire sur ]’étude 
des fonctions de plusieurs quantités,’’ which was published in 
Liouville’s Journal, 1861, p. 241, Mathieu proves the existence 
of the remarkable five-fold transitive function of 12 elements 
and7 ! values. In the same memoir he states (p. 274) that he 
has found a five-fold transitive function of 24 elements which 
has 19! + 48 values, and in a memoir bearing the title, 
‘‘Sur la fonction cing fois transitive de 24 quantités,’’ 
which was published in the same Journal in 1873, he gives 
some details in regard to this function. 

If such a function existed there would be.a five-fold tran- 
sitive substitution group of degree 24 and order 48-20-21-22- 
23-24. By means of Sylow’s theorem Dr. Miller proves 
that such a substitution group cannot be constructed. Hence 
the given five-fold transitive function of 24 elements does 


not exist. 
F. N. Coie. 
CoLUMBIA UNIVERSITY. 
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EXAMPLE OF A SINGLE-VALUED FUNCTION 
WITH A NATURAL BOUNDARY, WHOSE 
INVERSE IS ALSO SINGLE-VALUED. 


BY PROFESSOR W. F. OSGOOD. 


Read before the American Mathematical Society at the Meeting of April 
( 30, 1808.) ety ng of Ap 

Tuart functions exist which are analytic within the unit 
circle, have the unit circle as a natural boundary, and take 
on no value more than once, can be readily shown. 

Let T be a region of the u + vi-plane bounded by a single 
curve, the tangent of which turns continuously as the point 
of tangency trace out the curve ; then there exists, even in 
this case, which is more general than the cases considered 
by Schwarz and Neumann, a Green’s function belonging to 
T,* so that the interior of T can be mapped conformally + on 
the interior of the unit circle. Furthermore, the boundary 
of T will, even in this case, go over into the boundary of the 
circle in such a manner as to render the transformation of 
the region consisting of T and its boundary on the region 
consisting of the circle and its boundary one-to-one and 
continuous. { 

Let the curve which bounds T' be represented by the equa- 
tions 

u=¢(t), v=¢(t), 


where ¢, ¢ denote continuous functions having the prim- 
itive period unity, so that, when ¢ increases from ¢, tot, + 1, 
the point (u, v) describes the boundary once. The corre- 
sponding point (2, y) will then describe the unit circle once 


and the angle @ = tan“ 2 will be a single-valued, continuous 


function of ¢; t, a single-valued, continuous function of 9. 


* Poincaré’s solution of the boundary value problem is sufficiently gen- 
eral to cover this case. Cf. Poincaré: ‘‘Sur les équations aux dérivées 
ielles de la physique mathématique,’’ Amer. Jour. of Math., vol. 12 
T1890) ; ; Paraf’s Thesis : ‘‘Sur le probléme de Dirichlet et son extension au 
cas de iéquation linéaire générale du second ordre,’’ Paris, 1892, aud 
the Toulouse Annales. vol. 6. An account of these papers is given in 
Picard’s Traité d’Analyse, vol. 2, ch. 4. 

t Inaugural Dissertation, 321; Gottingen, 1851. 

Painlevé : “‘Sur la théorie de la représentation conforme, ’’ Comptes 
Rendus, vol. 112 (1891), p. 653. his Thesis 
“Sur les lignes singuliéres des fonctions analytiques,” Paris, 1887, and 
the Toulouse Annales, vol. 2(1888). Painlevé points “5 that even on the 


boundary angles are preserved. 
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Let ¢(t) be chosen as an analytic, ¢(¢) as a non-analytic 
function of ¢. Then the function u + vi will have the unit 
circle of the z + yi-plane asa natural boundary. For, other- 
wise, at some point a + bi of the boundary of the unit circle, 
u + vi would be analytic and thus wu and v would each be 
analytic functions of @ near a+ bi along the arc. Thus t; 
being an analytic function of u, would have to be an analytic 
function of @ in this neighborhood, and hence v, being an 
analytic function of @, would be an analytic function of t. 

The unit circle of the ++ yi-plane is then a natural 
boundary for the function u+ vi. The inverse function, 
x + yi, is single-valued and analytic throughout T, but can- 
not be continued beyond 7. For, if it were analytic at any 
point on the boundary of 7, its inverse, u + vi, would be 
analytic at, or near, the corresponding point on the unit 
circle of the z + yi-plane. 

The existence proof just given is wholly satisfactory as 
regards motif ; and it is rigorous. Nevertheless, it may not 
be without interest to give a simple explicit example of a 
function of this kind. Such an example is afforded by the series 


where a denotes an integer greater than unity. 
The function 


where a denotes an integer greater than unity, is analytic 
within the unit circle and has the circle as a natural boun- 
dary. Exceedingly simple proofs for this example have 
been given by Hadamard * and by Stackel.+ 

The function f(z), of which ¢(z) is the second derivative, 
will also have the unit circle as a natural boundary. Both 
the series defining f(z) and the series representing its de- 
rivative : 


f(e)=1+4 


gvti 
a+1 * 


converge uniformly throughout the unit circle inclusive of 


* *« Essai sur l’étude des fonctions données par leur développement de 
Taylor,’’ Liouville, 4th ser. vol. 8 (1892), p.115. The proof is well pre- 
sented in Harkness and wy ‘hacked of Functions, 3104. 

t Crelle, vol. 113 (1892), p. 
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the boundary, and hence f(z) and f’(z) are continuous 
throughout this domain. Furthermore, when |z|=1, 


1 1 
1 1 


Hence the neighborhood of any point z lying within the unit 
circle is transformed conformally on the neighborhood of 
the corresponding point w, and thus the image in the w- 
plane contains no branch-points. This is, of course, not 
enough to justify the conclusion that the inverse func- 
tion z(w) is single-valued ; for the image in the w-plane 
might overlap itself. To show that this is not the case, it 
is sufficient to prove that, (p, ¢) denoting the polar coodrdi- 
nates of the point (u, v) that corresponds to the point ¢= 


tan y on the unit circle, (1) p always remains positive ; (2) 


¢ sides increases when 0 increases ; and (3) ¢ advances only by 
2 when 0 inereases by2z. For then, to a given point (p, ¢) 
on the curve in the w-plane, there can correspond but one 
point 0 =0 < 2= on the unit circle, and all of the conditions 
of the theorem * are fulfilled which says: Let f(z) be a fune- 
tion of z single-valued and continuous throughout a simply con- 
nected region inclusive of the boundary; and let f(z) be analytic 
throughout the interior of the region. Furthermore, let a value 
that f(z) takes on in one point of the boundary never be assumed 
in a second point of the boundary. Then to the boundary curve in 
the z-plane will correspond a closed curve in the w-plane that does 
not cut itself, and the region of the w-plane thus bounded will, to- 
gether with its boundary, correspond in a one-to-one manner and 
continuously to the region of the z-plane above mentioned, the 
transformation being conformal in Pm neighborhood of any pair of 
corr ing interior points. 

It remains then only to give the proofs of (1), (2), and 
(3). The values of u, v when r = 1 are 

u=cosd+ C(@), v=sind + 

where 
= cos (a + 2)0 cos (a? + 2)0 
(a+1)(a+2)  (@ +1) (+2) 


* Picard: Traité d’Analyse, vol. 2, p. 280. 


+ 
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sin (a + 2)0 sin ( a’ + 2)0 
(a+1)(a+2) 


The derivatives of C(@), S(@) are 


+ 


8(0) = + 


sin (a+ 2)@ -sin(a?+2)0 
_ cos(a+2)9 cos(a’?+2)0 

= attl a+1 + 
Since = tan”, 
u 
d udv — vdu 


udv — vdu = [1 + {8’(6) cos @ — C'(0) sin 0} 
+ {C(0) cos + sin 0} + C(@)S'(6) — C’(0)8(0)}] 
u’ + v = 1 +25 C(0) cos 6 + S(@) sin 0} + C?(0) + 8*(0). 
A simple trigonometric reduction yields the formulas 
S8’(0) cos 0 — C’(0) sin 0 
008 (a+ + 1)0 
a+1 a’+i1 
cos 6 + S(@) sin 
(@+1) (@+2)" +1) +2) 


Now C(0), 8(@), C(@) cos @ + S(¢) sin @ do not exceed nu- 
merically the value of the series 


+ 


1 1 
(a@+1)@+2)* @+1)@+2)*™ 
a-a a@-a a’—1 


and (C’(@), 8’(@), S’(@) cos¢ — C’(@) sin @ do not exceed nu- 
merically the value of the series 
1 


1 a! 1 


a+1 


1898.] EXAMPLE OF A SINGLE-VALUED FUNCTION. 421 


Proof of (1) 
| 2 §C(0) cos @ + sin 0} + C*(0) + 8°(9) | 
1 1 1 


The largest value this expression can have is that corre- 
sponding to a = 2, i. e., $, and thus (1) is established. 
Proof of (2), (3). Similarly the coéfficient of dé can- 
not become negative if a > 2, for it is surely greater than 
1 
a@—1 (a—1) —1)’ 
i. e., than}. For such a value of a, 


1— 


1 1 1 
— 
dg< a—1 a@—1 1)(a 1) ao, 
1-24-74 


and ifa>3, dy < so that < 47. 

The proof is now complete for all values of a greater than 
3. For these values of a the requisite analysis was very 
simple. For the values a= 2 and a = 3, however, the above 
approximations are not close erough for (2) and (3). For 

ese cases (3) may be established as follows : 


{°9(0) do, 


where 0(0) = [ui + 
and F(0) = 


By a well known law of the mean 
=O(0,){ F(0)d0, 


1 


as appears from the closer. approximation for 
C(@) cos 6 + sin 0 
given on the next page, and 


do= 404043, 


where (0) 8 (0) — 8 
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ita 5) + NCES 2) 


1 


Hence (14+ 9,]27< 42 


It remains then only to give the proof of (2) when a = 2. 
This can be done as follows : 


| (0) cos@— sind | 
1 


| C(¢) cos + S(@) sin? | tata 
1 
@—1 388 


To get a sufficiently close approximation for the remaining 
parenthesis, multiply out the series for C(¢) and S’(¢); let 
the result be written as 


2, cos cos 9,9 
a=} 


where p,, g, are positive integers or zero. Now the series 
— C’(@) and S(@) when multiplied out give 


sin Po sin q,9- 
a=1 
Hence it follows that 
| — C (@)8(0) | < < .765 x .188, 


and since .765 + .133 + .765 x .133 <1 the proof is com- 
plete. 


I have thought it worth while to call attention to the ex- 
istence of functions of the kind have treated, because they 
are useful in theoretical investigations. To cite a single 
instance: The theorem that an analytic function of an 
analytic function is an analytic function is true im Kleinen, 
but not necessarily im Grossen. The nature of the restric- 
tions that are necessary for the truth of the theorem ig 
readily demonstrated ad oculos by the aid of the above ex- 


5 
a (e— jy] 
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ample. Begin by drawing in the z-plane a circle of unit 
radius with its centre in the point z = 1 + i, and let 9{z) be 
any function analytic within this circle, but not capable of 
analytic extension beyond it — for example 


0(2) = f(e—1—i). 


Next, lei 2=z. The circle is then transformed confor- 
mally on a region not including the origin, lying wholly 
within the first, second and third quadrants, and tangent 
to the axis of reals in the point z = 1, to the axis of imag- 
inaries in the point 72 = —i. Let 


9(z) = F(z). 


Then F(z) (the accent being dropped) is single-valued and 
cannot be continued analytically beyond this region. Now 


draw a circle passing through the point z = 0 and including 
the points z= 1, z= —i in its interior — for definiteness, 
let its centre be at the point z= 1 —7; its radius will then 
be equal to “2. The function 


will map this circle conformally on the region of the w-plane 
above considered, and z will be a single-valued analytic 
function of w. 


W PLANE 
A 
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Consider those values of w that yield values of z for which 
F(z) is defined, and for which then F(z) is a function of w. 
These values of F(z) do not constitute an analytic function 
of w; for the domain of values of w consists of two sepa- 
rate continua. Thus the theorem, unrestrictéd, would be 
false in this case. * 


HARVARD UNIVERSITY, 
April, 1898. 


NOTE ON POISSON’S INTEGRAL. 
BY PROFESSOR MAXIME BOCHER. 


(Read before the American Mathematical Society at the Meeting of April 
30, 1898.) 


Tue following treatment of Poisson’s. integral in two 
dimensions seems to the writer to have at least one advan- 
tage over the treatments ordinarily given ; viz., that it in- 
volves no artifice. 

Given a function V(z, y) which within and upon the cir- 
cumference of a certain circle C is a continuous function of 
(x, y) and within C is harmonic (i. e., has continuous first 
and second derivatives and satisfies Laplace’s equation). 
By a well-known theorem of Gauss the value of V at the 
centre (z,, y,) of C is the arithmetic mean of its values on 
the circumference.+ That is, if we denote by V, the values 
of V on the circumference and by ¢ the angle at the centre, 


(1) View 


This theorem may be immediately generalized by the 
method of inversion, if we remember on the one hand that 
a harmonic function remains harmonic after inversion, and 
on the other hand that angles are unchanged by inversion 
and that circles invert into circles. We thus get the theo- 
rem: 


* Burkhardt has given simple examples of multiple-valued functions 
for which the unrestricted theorem is false. See his book : ‘‘ Einfiihrung 
in die Theorie der analytischen Functionen einer complexen Verander- 
lichen,”’ vol. 1, Leipzig, 1897 ; p. 198. 

tAn elementary proof of this theorem will be found in a paper by the 
writer on p. 206 of the BULLETIN for May, 1895. 


— 
— 
_ 
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If (2, y) is any point within the cirele C, 
1 2a 
@) Ve, 


where is the angle measured ‘tui a fixed circle through (2, y) 
which cuts C orthogonally to a variable circle of the same sort. 


The formula (2) gives the value of V at any point within 
C in terms of the values on the circumference, and is, in 
fact, nothing but Poisson’s integral in a somewhat un- 
familiar form. To reduce it to ‘the ordinary forms we will 
oer the element of are ds of C and write (2) in the 
‘orm : 


@ 


¢ may be regarded as a function of the coordinates (7’, y’) 
of a point on the variable circle above referred to. Thus 
regarded it is an (infinitely multiple valued) solution of 
Laplace’s equation whose conjugate function is log p, — log p 
where p is the distance from (2’, y’) to (z, y) and p, the 
distance from (z’, y/) to the inverse of (z, y) with regard to 
C. If then n denote the interior normal of C we have: 


1 —lo 
Other forms can be obtained by computing “3 directly as a 
function of (2, y, 2’, y'). 


We proceed now to the theorem : 

Given a continuous function V, upon the circumference of the 
circle C'; the function V(x, y) defined by (2) throughout the in- 
terior of C is harmonic throughout C and joins on continuously to 
the values V, on the circumference. 


*Cf. Picard: Traité d’Analyse, vol. 2, p. 16. 


| 

| 
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That V(z, y) thus defined is harmonic follows at once 
from (3) since as is easily seen, either by direct computa- 
tion or from its value : 


to be a harmonic function of (z, y). 

For the proof of the second part of the theorem formula 
(2) is particularly adapted. We have hereto prove that 
if (z, y) approaches a point P on the circumference V(z, y) 
approaches as its limit the value of V, at P. The idea upon 
which this proof rests is that when (z, y) is near to Pa 
small are including P correspords to a large range of values 
of ¢ and, therefore, when we take the arithmetic mean as 
indicated in (2) the value of V,at P will predominate.* 
The exact proof based upon the idea just stated merely re- 
quires the writing-down of a few inequalities. 

HARVARD UNIVERSITY, CAMBRIDGE, Mass. 


ON THE POLYNOMIALS OF STIELTJES. 
BY PROFESSOR FE. B. VAN VLECK. 
(Read before the American Mathematical Society at the Meeting of April 
30, 1898. ) 


By a Stieltjes polynomial will here be understood any 
polynomial satisfying a regular linear differential equation 
of the second order 


(i-4,. , 1-A\dy 
4 = Ae Ag+ + 

@—4) 
in which the singular points ¢,, ---, ¢,, 0 are real and in which 
also r exponent-differences 4,,---, 4, are (algebraically) less 
than unity. We shall here for the most part confine our 


* It will be seen that this idea is similar to that suggested by Schwarz. 
(Ges. Werke, vol. 2, p. 360. See also Klein-Fricke : Modulfunctionen, 
vol. 1, p. 512.) We avoid, however, the artificiality of Schwarz’s 
method. 


| 
cS [log p, — log p] | 
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attention to the case in which the number of singular points 
is equal to 4. The differential equation may then be writ- 
ten as follows : 


1—A, \ dy 

dz 
(iI) 


(x —¢,) (7 (ex — 


The three singular points in the finite plane we will suppose 
to succeed each other in the order e, <e,<¢, If their po- 
sitions and exponent-differences are given, the accessory 
parameters A and B are completely determined by the re- 
quirement that one solution of the equation shall be a 
polynomial of the nth degree. * The former parameter is 
the product of the two exponents for «o which are — n and 


n— 
i=1 


the value of the latter is found from an equation of the 
(n + 1)th degree. We have accordingly a groupof n +1 
polynomials which belong to the'same set of exponent dif- 
ferences. If the exponent differences for the three singular 
points in the finite plane are each equal to 4, the group con- 
sists of Lanté polynomials. These, as is well known, have 
the common property that their roots are all real and in- 
cluded between e,ande,. In 1881 Klein showed, however, 
that they could be distinguished, each from every other, by 
the manner in which its n roots are divided between the 
two segments ¢,¢, and ¢,¢,. To each of the n + 1 ways of 
assigning n roots to the two segments there corresponds, 
therefore, one and only one polynomial. { This result was 
subsequently proved by ag § to hold also when the ex- 
ponent-differences 3,, --- have any values algebraically 
less than one. More wes Ps Klein in his lectures upon 
linear differential equations || has remarked that the n+ 1 


values of B’ = 4 belonging to a group of n + 1 Lamé poly- 


* Heine’s Kugelfunctionen, vol. 1, p. 474. 

t Math. Ann., vol. 18, p. 237. 

} The theorem as here stated isa special case of a Sans theo- 
rem for a differential equation with r + 1 singular points. 

% Acta Mathematica, vol: 6. 

|| Cf. ** Lineare Differentialgleichungen der zweiten Ordnung,’’ pp. 341- 


= 
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nomials are all included between e, and e,. If, moreover, 
these are arranged in the order By < By + < B41, the 
number of roots of the corresponding polynomial contained 
in ¢¢, is successively 0, 1, 2,--, m and in ¢,e, succes- 
sively n,n—1,--,0. The purpose of this paper is to 
prove first that these conclusions hold not only when the 
three exponent differences are equal to 4 but for any values 
which are less than 1. It will be shown further that be- 
tween two consecutive roots of any polynomial in the series 
will be included one and only one root of the preceding or 
following polynomial. These propositions are based upon 
a number of new theorems which relate to the roots of the 
fundamental integrals P“, P? belonging to the singular 
points ¢, of a differential equation of theform (II). In con- 
clusion, it will be shown that the roots of the accessory 
polynomial ¢ in the general differential equation (I) for a 
Stieltjes polynomial are all real, and, like the roots of the 
latter polynomial, are included between the two qutermost 
singular points e¢, and 


§1. In the differential equation here to be considered 


dy 
Az—B 

it will be assumed that all the constants, whether singular 
points, exponent-differences, or accessery parameters, are 
real. We will also suppose that their values are given with 
the single exception of that of B. The axis of z is divided 
by the singular points into four segments, which, by a proper 
assignment of the subscripts to the singular points, may be 
taken to be we,, ¢,¢,, €,¢,, €,. To each singular point in 
the finite plane there belong two fundamental integrals with 
the exponents 4,, 0. These have the form 


P™= [1+ L,(2—¢) + L,(z—e)? + ~~], (2) 
+ 
in which the coefficients are necessarily real.* In general, 


* When 4; is a negative integer, the first integral must, of course, be 
modified by the introduction of a logarithmicterm; and when it is a posi- 
tive integer, the second integral. The terms of the theorems to be sub- 
sequently given are, howevtr, such as to exclude fundamental integrals 
with logarithmic terms. 


(1) 
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these series converget hrough the whole of one segment 
ending in e,, but only in a part of the other. We shall, 


however, eins the meaning of the symbols P™, P; so as to 
include the analytical continuation of these series through- 
out the remainder of the latter segment. The two exponents 
for the singular point are determined by the relations 


A! —A, 


and the corresponding expansions are 


] 


(3) 


and a similar series for P<". 

§2. When the differential equation possesses a polyno- 
mial solution, this solution is a fundamental integral for 
each singular point. If, as will hereafter be assumed unless 
the contrary is expressly stated, the exponents 4,(1 = 1, 2, 3) 
are restricted to values less than one, it will coincide, except 
for a constant factor, at each singular point in the finite 
plane with the integral P°. Since also its expansion for the 
singular point begins with 2", one of the éxponents for 
this point is equal to — n, and the polynomial is the corre- 
sponding fundamental integral. The second exponent and 
the value of A are determined by the equations (3). 

§3. Without, however, as yet restricting the value of A 
in (1), we now proceed to examine the changes in the posi- 
tion of the real roots of P,° when the parameter B is con- 
tinuously varied. For this purpose let the differential 
equation be put into the form 


+ Gy=0, (4) 


K( Az — B) 
= t— 


By multiplying the differential equation through by an ap- 
propriate constant, the values of K and G may be made real 
for any interval of the axis of which is included between 
two consecutive singular points, and at the same time the 
sign of K may be made positive. It will hereafter be as- 
sumed that K and G have been thus modified for the inter- 
val which may be under consideration. The equation is 
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then of the same nature and form as that considered by 
Sturm in a highly important memoir in the first volume of 
Tiouville’s Journal (p. 106), K and G being used by him to 
represent any functions of z and of a parameter m which 
are real, one valued, and continuous for the interval con- 
sidered. The present article is based upon some of the re- 
sults there obtained. From these results we select now the 
following: If at every point of an interval ab (a < 5) of 
the axis of z the value of K is positive; if, moreover, 
throughout this interval G increases with the parameter m 
while K either remains unaltered or decreases ; then any 
root of a real solution y of the differential equation which is 
included between a and 6 will 


(1) decrease if Ls (52) is negative for z = a. 
(2) increase if tn FY is positive for z= b. 


We may also remark parenthetically that in the proof 
of — theorem Sturm shows that under these condi- 


tions 5 =~ m (532 ) retains the same sign throughout the en- 


tire aie a result which we shall later use in§ 6. To 
apply now the theorem itself we will begin by placing m = B, 
y= P°. The values of Kand given by (5) meet the 
requirement of being continuous except at the Singular 
points. Moreover, when B increases, K remains unaltered ; 

G, onthe other hand, increases only within the two seg- 
ments ¢,¢, and ¢,0. Since in the consideration of P;° the 
latter segment is to be excluded, we will take for the limits 
of the interval a=e, + ¢,, b=e,—«,, where ¢,, ¢, are in- 


finitesimal positive quantities. To determine the sign of 
4 (Kar 
dB\ dz 
for the lower limit we observe that the value of 
1 
dz 
for z = e, is equal to the coefficient MV, in the series (2) for 
P*. The substitution of this series in (1) gives 
Ae, — B 


| 
| 
| 
| 
| 
| 
| 
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whence follows 
d ( 1 dP, ) —1 
dB PY dx jz=e, CA —¢,) ( 

When 4, is less than 1, the last expression has a negative 
sign. Since the sign is also the same for a = ¢, + ¢,, all the 
conditions of the above theorem are fulfilled. Hence when 
B increases, the roots of P,° which are situated in e¢,e, de- 
crease and move toward e,. Furthermore, since P,? cannot 
vanish for z= e,, the number of its roots in the segment 
must either remain constant or increase. The changes in 
the position of its roots in «e, can be determined from the 
same theorem by placing m= — B,a= —w,b=e, —«¢,. 
The second of the two alternatives in the theorem must 
then be selected. Hence as B decreases, the roots increase 
and move toward e,, and the number of roots in the segment 
must either remain constant or increase. The theorem can 
be applied in similar manner to P,° and P,°. The conclusions 
thus reached can be united with the preceding in the fol- 
lowing theorem. 

I. If when the exponent difference 4, of one of the singular 
points e, in the finite plane is less than unity B is inereased, the 
roots of P? will move toward e,, if contained in the segment e,e, or 
€,0 , and will recede from e,, if contained in the segment  e, or €,€,. 
In the former case the number of roots in the segment cannot dimin- 
ish ; in the latter case it cannot increase. 

It will be easily seen that 

y= 

in (1) replaces the two exponents 4, 0 by 0, — 4, The 
value of B is at the same time changed only by the 
addition of a constant. Theorem I will, therefore, hold for 
the fundamental integrals P,‘ when the exponent 2, is greater than 
—1. Subsequent theorems can in like manner be converted into 
theorems relating to the integrals P“ and holding for exponent 
differences which are greater than —1. Due account must, of 
course, be taken of the change in the values of A and B re- 
sulting from the substitution. 

§4. The theorem just given leaves it uncertain whether 
the number of roots of the fundamental integrals in ¢,e, 
and e, o inereases indefinitely with B. A like doubt exists 
concerning the number of roots in the other two segments 
when B is indefinitely diminished. To decide this point 
let the equation (1) be deprived of its second term by the 
transformation 


| 
| 
| 
| 
| 
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y=(r—e,) * * 
It then becomes 


dy B 

in which R(x) denotes a rational function which is finite 
except at the singular points. By decreasing B the coeffi- 
cient of y can be made greater than any given positive con- 
stant ¢’ for all values of z between o and e, and by increas- 
ing B for all values between e, and ». Now the equation 
y” + ey =0 has for its general integral A cos ex + Bsin ez, 
and any real solution has therefore an infinite number of 
positive, as also of negative roots, which cumulate in the 
vicinity of the point o. Buta second theorem of Sturm’s 
states that if ¢ and ¢ are one-valued functions which 
are finite and continuous for any interval of the axis of z, 
and if for this interval ¢ < ¢, then between two successive 
roots of a real solution of ¥’+ gy = 0 wuich are situated in 
this interval there must lie at least one root of every 
real solution of ¥’+ ¢y=0. It follows that when a solu- 
tion of (1) is real in e,«, the number of roots contained in 
this segment can be increased indefinitely by increasing B ; 
on the other hand, when it is real in » e,, the number of 
roots in the segment is increased indefinitely by decreasing 
B. These conclusions also hold for the segment ¢,e,, and ¢,¢, 
respectively, as will be seen by making the substitutions 


I—¢,= 


ze, y= 
For the first substitution exchanges e, and 0, the second 
restores the equation to its original form, and the two to- 
gether alter the value of B only by the introduction of a 
negative factor 

1 


(€2 — €:) (€2 — es) 


and by the addition of a constant. Hence 

II. If a solution of the differential equation (1) is real in either 
of the segments ¢,¢, or 0 €,, the number of its roots in the segment 
inereases indefinitely when B is increased without limit ; if it ts 
real in «¢, or ¢,¢,, the number of roots in the segment increases 
indefinitely when B is diminished without limit. 

This theorem, it will be noticed, is independent of the 
values of the exponent-differences. 


= 
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§5. We have thus shown that the number of roots of 
P? in one of the two segments ending in e¢, increases with- 
out limit when B is indefinitely increased and in the other 
when it is indefinitely decreased. When A is positive, it 
is possible to reduce the number of roots to zero by vary- 
ing B in the opposite direction. Take, for instance, the 
integral P®. This was so defined in (2) as to have for 
z=, a positive sign. The value of its derivative is at the 
same time equal to ¥,, an expression for which was given 
in (6). If we take 3 >e,, it will have a negative sign. 
When, therefore, z decreases from e, to © , P,° begins by in- 
creasing, and it will remain positive unless its derivative 
changes sign. But its derivative being, like itself, holomor- 
phic throughout the interval considered, can only change 
signs by passing through zero. We then have 


@P? (Az— 
(7) 


which for values of z less than e, and hence less than z has 


the same sign as P,°. In passing, for the first time, through 
0 


zero, = should, therefore, decrease with z. This, how- 


ever, is impossible since it is initially negative. It follows 
that P,° remains positive as x decreases, and hence cannot 
vanish between e, and o. When, on the other hand, 


7< e,, it cannot vanish between e, and e,. For suppose 


z to increase from e, toe, Initially, P,° and = are both 


positive, and the latter must be the first to vanish. But 
dP? 


qd 2 would then be positive, since z > e, > 4 In passing, 


for the first time, through zero of must therefore increase 


with z. This obviously is impossible. We conclude, there- 
fore, that P,° has no root between e, and ¢,, The same line of 
reasoning can be extended to P,’ and P,’. Since e, and e,, the 
extreme singular points in the finite plane, have the same 
function in the differential equation, we see at once that 


when ; <e,, the integral P,° will have no roots in e,oo and 


= 
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B 
when Z > %» none in ¢,¢,. As regards P,’, however, the 


condition ; >, is snfficient only to secure that P,° and its 


derivative shall have a positive sign for =e,.. To ob- 


tain a like sign for et when for e, < x < ¢, we set = =0, 


and thereby to insure that neither P,° nor its derivative 
shall vanish between e, and e,, it will be necessary to take 
A> For a similar reason we take qZ<% to insure that 
no roots shall lie in e,¢,. We have, therefore, the following 
results : 


III. Given a differential equation of the form (1) in which 


2, are less than one and A is positive ; 


A 


429 
(1) Uf 4 <4, no root of P, or P, can lie in ¢,¢, and no root 
of in e,0. 
(2) > no root of or can lie in ¢,e, and no root 
of me,. 
(3) If e, <3 <e,. no root of P,° can lie in me, and no root 


of in e,0. 

§6. The number of roots of P,° and of P,° (and also of 
their derivatives) contained in e¢,e, has thus been shown to in- 
crease from 0 to when 7 increases from ¢, to+ 0. The 
roots cannot be drawn from the imaginary domain directly 
into the segment, because this would necessitate first the 
formation of a double root at a non-singular point, which 
is impossible. They must therefore first make their ap- 
pearance at the two extremities of the segment. The roots 
of P,°, as we have seen, move toward e, and hence enter 
the segment at e,, say in the order a;, a,,---; the roots of 
P;, on the other hand, move toward ¢, and enter at ¢,, say 
in the order, b,, 6,,---. Since the two integrals are in 
general independent solutions of the equation, the roots of 
one alternate with those of the other. Hence the number 
of roots of neither integral can exceed that of other by more 
than a unit. Suppose now that 7 roots of each integral have 
entered the segment. Immediately after the last of these has 
entered, their order of succession will be a,, a. 


= 


1898.]} ON THE POLYNOMIALS OF STIELTJES. 435 


But if the roots are to alternate also after 5,., or a;,, enters 
the segment, a,, a,, ---, a, must cross over b,, b,_,, ---, 6, respec- 
tively. The two integrals must then for a moment have i 
roots common and therefore coincide save as to a constant 
factor. The next coincidence will take place when they each. 
have i + 1 roots in the segment and so on. The first coinci- 
dence will occur when neither integral has a root in the seg- 

ment. It cannot be when a% e,, for the integrals them- 
selves then have the same sign throughout the segment and 
their derivatives opposite signs. If, on the other hand, 


7> e,, the same conditions hold as in §3. The sign of 


kar 
dB\ P? dz 
also as we there noted, throughout the entire segment. 
Furthermore, as long as £ <e,, the sign of CaP. SN 
will be positive for b= e,—«, and hence also throughout 
the entire segment. At any point of the segment = = 
1 
therefore diminishes as B increases, while a = increases. 
2 
Since for 4 =e,, the former is positive and the latter nega- 
tive, they must become equal before either integral vanishes, 
and they clearly become equal but once. When this hap- 
pens, the two solutions must coincide save as to a constant 
factor. The following result is now evident. 


) is, namely, negative for a = e, + «, and hence 


IV. When is increased from e, to , the integrals P,° and 


will coincide, except for a constant factor, an infinite number of 
times, and when z is decreased from e, to ©, the integrals P,? 
and P,? will coineide in. like manner an infinite number of times. 
With each consecutive coincidence of the first two integrals the num- 
ber of roots of each in e,e, increases by a unit, and with each coin- 
cidence of the second two integrals the number of roots of each in 
e,e, increases also by a unit, beginning in each case with zero. 

$7. We will next compare the relative position of the 
+ and the 1+ 1 common roots, say of P° and P,, in two 
consecutive coincidences. Let the corresponding values of 
B be denoted by B; and B,,,. When. after coincidence, 


= 
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the roots of the two integrals separate, the roots of the one 
move in an opposite direction from those of the other. The 
¢ roots must therefore be included between the outermost of 
the i+ 1 roots. Moreover, since B,,,> B;. the value of 
G..1 [see (5)] will be greater than that of G, for every 
value of z included between e, and e,. The differential 
equations corresponding to the (i+ 1)th and (i + 2)th co-+ 
incidences therefore meet the conditions of the following 
theorem of Sturm: If in two differential equations 


G,, K,, G,, K, are one valued and continuous fora < «<b, 
and if, moreover, throughout this interval G,=G, and 
K,= K,, then between two consecutive roots of any real 
solution of the first equation which are included in this in- 
terval, there will lie at least one root of a real solution of 
the second equation. It follows that between any two of 
the i roots of our two fundamental integrals when coinci- 
dent for the (1+ 1)th time will lie at least one of thei +1 
roots when coincident the next time. Combining this with 
our preceding conclusion, we see that the i+ 1 roots must 
alternate with the i roots. A similar inference can of course 
be made for P,° and P°. 

V. In two consecutive coincidences of P,° and P,’, thei roots 
of the one coincidence which lie in e,e, will alternate with the 
i+ 1 roots of the other coincidence. So also in two consecutive 
coincidences of P,° and P,°. the i roots of the one coincidence which 
lie in ¢,¢, will alternate with the i + 1 of the other. 

§8. For special values of A and B all three fundamental in- 
tegrals coincide except for certain constant factors. We have 
in consequence an integral which is holomorphic over the en- 
tire plane. Since the differential equation is regular, this in- 

1 can have only a pole at and hence is a polynomial 
P, say of the nthdegree. As before noted, A is the negative 
of the product of the two exponents for 2 namely, — 2 and 
n +2—A,—A,—A,, and is accordingly positive. Limits for 


+ Gy=0, 


the value of q can be obtained immediately from Theorem 


IV, or found by the following considerations which permit of 
extension to differential equafions of higher order. First 
it can be shown that no root of the polynomial can lie in 
either of the two outermost segments.* Suppose, if pos- 
sible, that the smallest root is less than e, or the largest one 
greater than ¢, and let z in (1) be placed equal to either 


* This is also evident from Theorem IIT. 


? 
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root, If placed equal to the smallest root, P’ and P” have 
opposite signs, and if placed equal to the largest root, the 
same sign.* In either case the first two terms of the 
equation have like signs and the third term vanishes, so 
that the equation can not be identically satisfied. All the 
roots must, therefore, lie between e, and e,. Next, suppose 


hess than e, and place x equal to any intermediate value. 


Since z is now smaller than the smallest root, P” and P 
have the same sign and FP” the opposite sign. All three 
terms of the equation have in consequence the same sign 
and the equation again involves a contradiction. In like 


manner it can be proved that 5 > €;. 


VI. If the three exponent differences are less than unity and the 
differential equation admits a polynomial solution, the value of 
4 must lie between e, and e,. 

Theorem IV shows that no two polynomials which belong 
to the same exponent differences can have the same number 
of roots in e¢,e, or in ¢,e,. As there are only n+ 1 poly- 
nomials in all, one and only one polynomial can be found 
for each different distribution of the n roots between these 
two segments. We have thus a new demonstration of this 
fact. From the same theorem it follows also : 

VII. Jf the n + 1 Stieltjes polynomials which belong to the same 
set of exponent differences are so arranged that the corresponding 
values of B succeed each other in the order B, < By <- << Basi, 
the number of roots in e,e, vad successively be 0, 1, 2,---,n and 
in successively n,n — 5 

89. The reasoning by which Theorem VI was established 
in §8 can be applied without trouble to a differential equa- 
tion of the rth order 


d’y dy 
(4—@) y 


which admits a polynomial solution. If each exponent dif- 
ference 4, is less than 1, it can be proved first that the 
yop of the polynomial solution are included between e, and 
, and then that the real roots of the accessory poly nomial 
0 are included between the same limits. For the best 


* Since the roots of P are all real. 
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demonstration * that all the roots of the polynomial solu- 
tion are real, the reader is-referred to an article by Bécher 
in the April number of the Buttetin. The method 
which he has there employed I shall make use of to 
prove that the roots of the accessory polynomial ¢ are 
likewise real. Let P denote the polynomial solution and 
Z,,°**, %,—, the roots of its derivative which are, of course, 
real. If P’be substituted in the differential equation and x 
be placed equal to a root 2 of ¢, we get 


(a) + (= P (@) =0, 
or dividing by FP’ (2), 
1 1 
a—Z, @—@, a—e, 


If now a is an imaginary root p + qi for which q is posi- 
tive, the pure imaginary part of each fraction will have a 
negative sign. The equation therefore involves a contra- 
diction. Hence 

VIII. The roots of the accessory polynomial ¢ of the differ- 
ential equation (8) for a Stieltjes polynomial are all real and in- 
cluded between the two extreme singular points, e, and e,. 

WESLEYAN UNIVERSITY, 

April, 1898. 


NOTE ON STOKES’S THEOREM IN CURVILINEAR 
CO-ORDINATES. 


BY PROFESSOR ARTHUR GORDON WEBSTER. 


(Read before the American “a> Society at the Meeting of April 

THE expression for the cur] of a vector point-function, 
when required in terms of orthogonal curvilinear codrdi- 
nates, is usually obtained by direct transformation from 
their values in rectangular coordinates. The proof of 
Stokes’s theorem given in my Lectures on electricity and 
magnetism, due to Helmholtz, can be easily adapted to 
curvilinear coordinates so as to prove the theorem indepen- 
dently of rectangular coordinates. 

Let P,, P,, P, be the projections of a vector P on the 


* The proof given by Stieljes in the sixth volume of the Acta Mathe- 
matica is based upon mechanical considerations. 
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varying directions of the tangents to the coordinate lines at 
any point. Let the projections in the same directions of 
the are ds of a curve connecting two points A and B be ds,, 
ds,, ds. 'The theorem concerns the line integral of the re- 
solved tangential component of the vector along the given 
curve : 


I={ Pcos(P, ds)ds 


= + Pid, + Ps,). 


But in terms of the curvilinear codrdinates p,, p,, p, we have 


dp dp 
ds ds, =—*, ds = 
h,’ h,’ h,’ 
where 
(2p,\" 
= 1, 2, 3). 


Lét us now make an infinitesimal transformation of the 
curve, so that the transformed curve shall lie on a given 
surface containing A and B, and shall itself pass through 
those points. Then the change in: the integral due to the 
infinitesimal changes ép,, dp,, dp, in the coordinates is 


) 
= — = —d, 
7 S( i, dp, + i, dp, + — dp, 


h, 
+ + 


The last three terms can be integrated by parts, giving 
P, 


and, the integrated terms vanishing at the limits, 


= 
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Performing the operations denoted by @ and d, six of the 
eighteen terms cancel, and there remain the terms 


+ (4p,dp, — op,dp,) (2) (z) 


+ (8p,dp, — dp,dp,) (2) (7) 


Now the changes 4p,, dp,, dp,, dp, in the coordinates corre- 
spond to distances 


de, dp, 
measured along the codrdinate lines, and the determinant 
of these distances 
— 
2°3 


is equal to the area of the projection on the surface p, of the 
infinitesimal parallelogram swept over by the arc ds during 
the transformation. Calling this area dS, and its normal n, 
we have 


1 
(4p,dp, — dp,dp,) = cos (nn,)dS, ete. 
Now, repeating the transformation so that the given 
curve 1 is transformed into a second given curve 2 joining 


AB, the total change in the line integral is represented by 
the surface integral over the surface lying between the 


curves 
Sol=1,—I, 
(7) cos (nn,) 


+ (7) (72) Cos (nn,) | ds. 


= 
= 
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But the difference of the line-integrals J, — J, is the line- 
integral around the closed contour 21, so that we have the 
line-integral of the tangential component of the vector P 
around the closed contour proved equal to the surface- 
integral, over a surface bounded by the contour, of the 
normal component of a vector 2 whose components are 


“= (7) an (i) 


Op, \h, Op, \h, 
The vector 2 is called the curl of P. 


ON THE STEINER POINTS OF PASCAL’S 
HEXAGON. 


BY DR. VIRGIL SYNDER. 


proof given by v. Staudt * of the conjugate nature 
of M, N with regard to the conic for which M, N are asso- 
ciated Steiner points is perhaps rigorous, but unnecessarily 
long, and the most important statement + is only proved for 
the particular case in which the two triads of points defining 
the hexagon are linearly perspective. 

He gives a second proof in article 8 of the same paper 
which is much shorter, but involves imaginary elements. 

The following proof is much more simple and direct than 
either, and shows clearly which of Steiner’s points are as- 
sociated as ‘‘ Gegenpunkte.”’ 

Let A,, A,, A, and B,, B,, B, be two triads of points lying 
on the same conic; these points can be made projective in 
six ways. namely 


A,A,A, (444 (444 
BBB, 


* Ueber die Steiner’schen Gegenpunkte * * *, Qrelle’s Journal, vol. 62. 
t ‘‘ Weil ferner P, Q harmonisch getrennt sind durch M und seine 
Polare * * .”? 
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(AAA, A,A,A, A,A,A, 
BBB, 


In the first row the three axes of perspective meet in a 
point Jf; these axes are also Pascal’s lines and can be de- 
A,A,A, 
B,B,B, 
joining the points of intersection ; A,B, with A,B, ; A,B, 
with A,B,, ete. 

If in the triad A,A,A, each point be joined to the pole of 
the opposite side, these lines pass through a common point 
P (Brianchon point), called the pole of A,A,A,. Similarly, 
let Q be the pole B,B,B,. 

As the position of Pand Q does not depend upon the 
correspondence between the two triads, they are correspond- 
ing points in each of the six projections ; hence the line 
joining them is an invariant line and must pass through H, 
the centre of the involution determined by the first three 
Pascals. Lét F, G be the points in which PQ cuts the 
conic, and M’ the point in which PQ cuts the polar of MU; 
then, from the involutions described, 


M, M, 
F, G, N,N’ 


must be harmonic conjugates. 
From the second row of Pascals it follows similarly that 


P, N, N’, 
F, G, N,N’ 


are harmonic conjugates. 

This proves that M, N are collinear with P, Q which was 
first shown by Grossman, in Crelle’s Journal, vol. 58, who 
employs an entirely different method. 

Further, as two involutions can only have one pair of 
common elements, 


fined by the same symbols, now meaning the line 


M=N, M=N’, 


hence, Steiner’s points of the hexagon A, B are conjugate 
points with regard to the conic, and divide the segment 
connecting the poles of the triangle A, B harmonically. 


CORNELL UNIVERSITY, 
April 21, 1898. 


= 
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IS CONTINUITY OF SPACE NECESSARY TO 
EUCLID’S GEOMETRY? 


BY WENVDELL M. STRONG, M.A. 


(Read before the American at Society at the Meeting of April 
30, 1898. 


DEDEKIND has said that continuity of space is not essential 
to the constructions of Euclid and has defined a discontinu- 
ous space in which, ‘‘ so far as he sees,” the constructions 
can be made.* To prove this it is only necessary to show 
that the constructions will never Jead out of the given dis- 
continuous space if we start in it—in other words, if we 
start with a figure of the discontinuous space, the construc- 
tion will lead always to other figures of that space. If the 
constructions can be made in a given space the theorems will 
be true in it. 

It is not safe to assume in the demonstration that discon- 
tinuity may not render invalid principles which are postu- 
lated for continuous space ; the question of the truth of the 
postulates in a given discontinuous space can be decided only 
by a knowledge of the properties of the space. For instance, 
in a space consisting of the points whose rectangular coor- 
dinates with a given system of axes are rational in a given 
unit of distance, not all figures can be moved about; parts 
of a figure may disappear entirely as the result of an allow- 
able change in the position of other parts ; thus a square of 
unit side may be constructed in this space, but if its diag- 
onal is brought into coincidence with one of the axes, one 


* “ Was sind und was sollen die Zahlen,’’ Vorwort, p. XII. 

“fir einen grossen Theil der Wissenschaft vom Raume die Stetigkeit 
seiner Gebilde gar nicht einmal eine nothwendige Voraussetzung ist, 
ganz abgesehen davon, dass sie in den Werken tiber Geometrie zwar wohl 
dem Namen nach beilaiifig erwahnt, aber niemals deutlich erklart, also 
auch nicht fiir Beweise zuganglich gemacht wird. Um dies noch niaher 
zu erlautern, bemerke ich beispielsweise Folgendes. Wahlt man drei 
nicht in einer Gerade liegende Puncte A, B, C nach Belieben, nur mit 
der Beschrankung, dass die Verhaltnisse ihrer Entfernungen AB, AC, BC 
algebraische Zahlen sind, und sieht man im Raume nur diejenigen Puncte 
M als vorhanden an, fur welche die Verhaltnisse von AM, BM, CM zu AB 
ebenfalls algebraische Zahlen sind, so ist der aus diesen Puncten M beste- 
hende Raum, wie leicht zu sehen, iiberall unstetig ; aber trotz der Un- 
stetigkeit, Liickenhaftigkeit dieses Raumes sind in ihm, 80 viel ich sehe, 
alle Constructionen welche in Euklid’s Elementen auftreten, genau ebenso 
ausfihrbar, wie in dem vollkommen stetigen Raume: die Unstetigkeit 
dieses Raumes wiirde daher in Euklid’s Wissenschaft gar nicht bemerkt, 
gar nicht empfunden werden.’’ 
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extremity at the origin, two of its sides will no longer exist 
as lines of the space. In a space consisting of the points 
whose rectangular codrdinates are transcendental, two 
straight lines which intersect if considered as continuous 
straight lines may pass through each other without inter- 
secting. 

To make precise the conception of a line or surface of 
discontinuous space we shall define them thus: A line or 
surface of ordinary space is a line or surface of a given dis- 
continuous space if the points of that space are infinitely 
thick—in Cantor’s language, form a dense multiplicity— 
throughout its extent. 

There are many anomalies besides those already men- 
tioned which, so far as intuition is concerned, might pre- 
sent themselves as a result of discontinuity. Planes as 
well as lines might pass through each other without inter- 
secting, or might intersect in a single point; circles might 
intersect in one point only ; an are of a circumference might 
exist when the whole circumference could not ; a circumfer- 
ence might not have a center ; a perpendicular to a plane at 
a point in that plane might not exist. On the other hand 
the question arises: if the points of a discontinuous space 
form a dense multiplicity throughout continuous space, will 
not every line or surface of continuous space be a line or 
surface of the discontinuous? 

The space we shall adopt may be defined thus: Let a real 
number which can be obtained from the integers by a finite 
number of rational operations and extractions of square 
roots be called a quadratic number. A, B, C. are any three 
points not in a straight line such that AC and BC are quad- 
ratic in terms of AB. The points whose distances from each 
of the three points A, B, C are quadratic in AB constitute 
the space. 

Henceforth the word ‘‘ quadratic’’ will denote quadratic 
in AB and the space will be called a quadratic space. Figures 
referred to will be figures of the quadratic space unless it is 
expressly stated that they are of continuous space. 

An essential feature of the quadratic space is that it is 
the least space in which the constructions of Euclid are 
possible ; it contains the points which can be obtained by a 
finite number of these constructions and no others. It dif- 
fers from Dedekind’s space in that it consists of part of the 
points contained in his. The quadratic space is also a 
natural space to adopt, since the constructions of Euclid 
lead directly to it. 

The consideration of the quadratic space may be much 
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simplified by introducing a system of rectangular codrdin- 
ates in which A shall be the origin ; AB, the x axis ; and 
the y axis shall be in the plane ABC; the z axis will then 
be perpendicular to that plane. The following theorems 
establish the relations which the coordinates of a point 
must fulfil if it be a-point of the space. 
(1) The coordinates of the three fundamental points 
A, B, C are quadratic. 
This requires proof for the point C only. The coordinates 
of the three points are (0, 0, 0), (6,, 0, 0), (¢, ¢,, 0). 
The equations, 
+ ¢,? = AC? 
(b, —¢,)? + = BC? 


show that c,.and ¢c, are quadratic.* 

(2) The coordinates of a point of continuous space which 
is at a quadratic distance from each of the three fundamental 
points are quadratic. 

From the expression for distance we can readily derive 


26,2 = — d? +.b/ 


Applying the same method to the zy plane we derive this 
theorem which will be useful later: A point of the contin- 
uous zy plane at quadratic distances from two of the funda- 
mental points is a point of the quadratic space. 

(3). If the coordinates of a point of continuous space are 
quadratic, its distances from the three fundamental points 
are quadratic and it is a point of the quadratic space. 

We have thus established that the quadratic space consists of 
the points whose coordinates, in the particular system chosen, are 
quadratic quantities. 

Important results follow immediately : 

The axes are lines of the quadratic space, the coordinate 
planes are planes of that space. 


* The principles which enable us to deduce our results by inspection 
are 

The solution of n simultaneous equations of the first degree, or n — 1 of 
the first and one of the second degree, in n variables, in which the param- 
eters are quadratic, gives quadratic results. 

If an equation containing linearly n parameters is satisfied by » inde- 

dent sets of quadratic values of the variables, the parameters must 
quadratic or the same multiple of quadratic quantities. 


= 
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The quadratic space is everywhere discontinuous but its 
points form a dense multiplicity whose order is the same as 
the order of the multiplicity of the integral numbers. We 
can now answer the question whether all lines or surfaces 
of continuous space would also be lines or surfaces of the 
quadratic space. A one to one correspondence can be es- 
tablished between the straight lines of continuous space 
through a point and the points of a continuum ; that is, 
the multiplicity of these lines is of the same order as the mul- 
tiplicity of the points of a continuum. Hence, to speak 
loosely, the number of continuous lines through a point is 
infinitely greater than the number of points in the quadratic 
space ; an infinite number of these lines must consequently 
fail to pass through any other point of the quadratic space. 
Cantor’s theory shows further that the multiplicity of such 
lines is itself of the order of the continuum. This result ap- 
plies as well to figures in general as to straight lines. Two 
eases are worthy of notice: only angles of certain magni- 
tudes can exist in quadratic space ; continuous circumfer- 
ences which pass through no point of the space can be de- 
scribed about any center. 

The two following theorems may be easily proved from 
the expression for the distance of two points : 

(1) Any two points of the quadratic space are at a quad- 
ratic distance from each other. 

(2) A point of continuous space at quadratic distances 
from three points of the quadratic space is a point of the 
quadratic space. 

These theorems show that the three points A, B, C by 
means of which the quadratic space was defined, do not 
differ in their properties from its other points. Therefore, 
if a system of rectangular codrdinates is defined with refer- 
ence to three new non-collinear points in the same way as 
the system first chosen was defined with reference to A, B, 
and C, the quadratic space will consist of the points whose 
new coordinates are quadratic. This shows that such a 
change in the system of coordinates is allowable. Noting 
that the new z axis and the new zy plane will be a line and 
plane of the quadratic space we may state the transforma- 
tion of codrdinates thus: Any point may be taken as 
the origin, any line through that point as the z axis, any 
plane through that line as the zy plane. Hence the most 
general transformation of rectangular coordinates is pos- 
sible. To change the position of the system of axes—pro- 
vided this makes no change in the space or its relation to 
the coordinate system—leaving a given figure unchanged 
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in position is equivalent to changing the position of the 
figure, that of the axes being fixed. We have, therefore, 
established this very important theorem : 

Figures may be moved about in the quadratic space without 
change of size or shape. 

The determination of the new z axis by two points and 
of the new zy plane by three points shows that a continuous 
straight line passing through two points of the quadratic 
space is a line of that space, a continuous plane passing 
through three points is a plane of that space. 

The above theorem makes it possible without loss of gen- 
erality to consider figures in the most convenient position 
with reference to the axes, especially to consider plane fig- 
ures in the zy plane. The following theorems are conse- 
quently evident: A continuous straight line is a line of the 
quadratic space, if it is parallel to a given straight line and 
passes through a given point; if it is parallel to a given 
straight line and at a quadratic distance from it, the plane of 
the two being a plane of the space ; if it passes through a given 
point and makes a given angle with a given line ; if it passes 
through a given point and is perpendicular toa given plane. 
In the last two theorems the intersection of two lines in 
the same plane, and of a plane and a line has been assumed ; 
this will be justified later. 

A continuous plane is a plane of the quadratic space, if 
it is parallel to a given plane and passes through a given 
point ; if it is parallel-to a given plane and at a quadratic 
distance from it; if it is perpendicular to a given line and 
passes through a given point. 

The solution of the simultaneous equations involved 
shows that, if parallelism does not occur, two straight 
lines in the same plane intersect; a straight line and a 
plane intersect ; -two planes intersect in a straight line. 

If a continuous circle passes through three points, it has 
a center, its radius is of quadratic length, and it is a circle 
of the quadratic space. The center and radius may be 
found by substituting the coordinates of the three points 
in the equation of a circle. Every point on the circumfer- 
ence for which z is quadratic has y quadratic also; hence 
these points form a densé multiplicity. 

By methods similar to those already employed we can 
prove the following theorems: A straight line and a circle 
or two circles intersect as in continuous space. If a con- 
tinuous spherical surface pass through four points, it.has a 
center, its radius is of quadratic length and it is a surface 
of the quadratic space. A spherical surface and a straight 
line or plane intersect as in continuous space. 
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The cylinder and cone may be treated by similar methods. 

The preceding theorems suffice to show the validity of Eu- 
clid’s constructions. It remains to show thatthe quadratic 
space is the least space which will suffice for these construc- 
tions, and that the restriction of AC and BC to quadratic 
values is not arbitrary. The rational operations are all re- 
quired in the addition and subtraction of lines, and the di- 
vision of lines into any number of equal parts ; the operation 
of extracting any square root is equivalent to finding a mean 
proportional and is therefore essential. Moreover any point 
of the space can be reached by a finite number of opera- 
tions. The reason that AC and BC should be restricted 
to quadratic values is: the function of C is to determine 
a plane through AB, while AB is the fundamental distance ; 
if C is assumed to be a point of the space we ought to be able 
to reach C by Euclid’s constructions, starting from A and B. 

The antithesis of the quadratic space is a space consisting 
of the points whose rectangular codrdinates, in. a certain 
system, are transcendental quantities. It has an infinitely 
greater number of points than the quadratic space, their mul- 
tiplicity being of the order of the continuum. Moreover 
every line or surface of continuous space, except certain 
eases of a plane, or lines in a plane, parallel to one of the 
coordinate planes is-also a line or surface of this space. We 
might therefore expect all Euclid’s constructions to be pos- 
sible in it ; such, however, is not the case, as we have al- 
ready mentioned. Two striking peculiarities of this space 
are: two circumferences may intersect in a single point ; a 
circumference may have no center. 


YALE UNIVERSITY, 
April, 1898. 


NIEWENGLOWSKI’S GEOMETRY. 


Cours de Géométrie analytique, par B. NIEWENGLOWSKI; avec 
une Note sur les transformations en géométrie, par EMILE 
Bore. Paris, Gauthier-Villars, 1894-96. Vol. L., 
483 pp; Vol. II., 292 pp; Vol. III., 572 pp. 

Tue work before us, of which the first two volumes deal 
with plane analytic geometry, the third with analytic 
geometry of three dimensions, is intended for boys in 
the Classes de mathematiques speciales at the French Lycées, 
at one of the best known of which (the Lycée Louis-le- 
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Grand) the author was professor at the time he published 
the first two volumes. The work in mathematics done 
by these boys covers in a general way, although much 
more thoroughly, the same ground as is covered by an 
American boy who is devoting a good deal of attention to 
mathematics in the first two or three years of his college 
sourse. The geometrical portion of this work is included 
in the three volumes before us together with a good deal of 
matter not required in the examinations for which these 
boys are preparing themselves; the subjects of trilinear 
point and line codrdinates for instance being briefly treated. 

The book resembles in a general way in regard both to 
the subjects taken up and to the methods of treatment the 
smaller text-book of Briot and Bouquet. The elementary 
nature of the treatment throughout the whole of the three 
volumes is perhaps their most characteristic feature. 
Indeed we doubt if an equally extensive treatise on an- 
alytic geometry can be named which is so accessible in all 
its parts to the comparatively immature student. The 
somewhat different training in algebra and the calculus 
which French boys receive tends at times to obscure the 
fact just referred to, but the use which is constantly made 
of the notation of partial differentiation and the frequent 
use of the theorems concerning the representation of a 
quadratic form as a sum of squares (to mention two ex- 
amples) really involve, as nere applied, nothing beyond the 
most elementary principles. 

It may be asked how the author succeeds in filling 1260 
pages if he confines himself to subjects of this elementary 
character. The answer is that he considers a very large 
number of subjects usually left aside as of minor importance, 
while in the case of many of the more important questions 
two or even three methods of treatment are given. More- 
over some. subjects of importance which are usually post- 
poned until later are introduced here in an elementary man- 
ner ; for example unicursal curves* are treated in such a 
way that the young student can get a real grasp of the ideas 
involved ; while such subjects as surfaces of translation 
(vol. III, p. 159) and anallagmatic curves (vol. I., p. 
369, vol. II., p. 136 and p. 161) are touched upon. 


* By an unfortunate mistake the author defines (vol. II., p. 99) a plane 
curve as unicursal if the codrdinates (z, y) of its points can be expressed 
as single valued functions of a parameter. According to a remarkable 
theorem of Poincaré, not only every algebraic but every analytic curve 
satisfies this definition. It should have been required that z and y be 
rational functions of the parameter. In point of fact the author restricts 
himself to this case throughout the chapter. 


| 
\ 
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Throughout this treatise theorems and methods are from 
time to time referred to their discoverers. It would be un- 
fair to expect that in a book of this grade much space should 
be devoted to such historical references. It seems, however, 
doubtful whether much is gained by the mere mention of 
the name of the discoverer of a theorem without any refer- 
ence to the place where the theorem was published * and 
this is all that is usually given except in the case of the 
more elementary French mathematical journals. This 
method of vague references is not peculiar to the present 
work, but is far too much in vogue in many otherwise ad- 
mirable recent French treatises. It strikes one as strange 
to find that in a chapter on quaternions, even though it 
contain only two pages, Hamilton’s name is not mentioned. 

The subject of invariants is repeatedly touched upon ; both 
invariants with regard to the general projective group and 
invariants with regard to certain subgroups of the projective 
group being considered. Of these last the invariants with 
regard to rigid motions (or if one prefers invariants with re- 
gard to changes from one system of rectangular coordinates 
to another) form such an admirable introduction to the sub- 
ject of invariants that we could wish that a more extended 
treatment of them had been given. Covariants can also be 
readily introduced in the same way. Thus, for instance. 
the first member of the equation of the principal axes of the 
general conic is a covariant with regard to rigid motions. 
Moreover the identical vanishing of this covariant gives the 
conditions that the conic is a cirele. Thus we get an ele- 
mentary illustration of the fact that two or more conditions 
are usually expressed not by the vanishing of two or more 
invariants, but by the identical vanishing of a covariant. 

It is, perhaps, worth while to call attention to the nota- 
tion used here and in other French books for the general 
equation of the second degree, viz : 


Ax’ + 2Bay+ Cy + 2Dz+2Ey+ F=0. 


We regret that this notation is not used in English and 
American books rather than the awkward notation : 


ax’ + Qhyxr + by? + + 2fy+ce=0. 
This latter notation is based on the idea that the z’, the y’, 


* The theorem that if three conics have a common chord their three 
opposite common chords meet in a point is ascribed on p. 263 of vol. II. to 
Sturm. Pliicker gave this theorem in 1828 in his Analytisch-geometrische 
Entwickelungen, vol. I., p. 257 and elsewhere. I bave not been able to 
find this theorem in any of the papers of Sturm published before this date. 
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and the constant terms on the one hand, and the terms in 
zy, in z, and in y on the other hand, are related. This is 
true from the point of view of projective geometry, but 
there it is desirable to use the symmetrical form Sa,77, = 0. 
It is not true from the point of view of elementary, i. ¢., 
metrical geometry. 

The work before us forms a compendium which will be 
found useful by any teacher of elementary courses in ana- 
lytic geometry who is not satisfied to repeat year after 
year the same course. Such a teacher will find in these 
volumes material which will make it possible for him to 
continually change the details of his courses without in- 
troducing into them either matter or methods which are 
beyond his pupils. An index would form a valuable addi- 
tion to the book. 


We come finally to the Note on geometric transforma- 
tions contributed by M. Borel. This note covers the last 
78 pages of the third volume. Although it presupposes no 
more mathematical knowledge than the rest of the book it 
will be found profitable reading only for the student of dis- 
tinct mathematical ability. To such a student, however, 
it gives an inspiring outlook into some parts of modern 
mathematics. The ideas here developed are more or less 
intimately associated with Lie’s name, some of them being 
actually due to him. We will close by giving a brief sum- 
mary of this admirable Note reminding our readers merely 
that it is impossible for M. Borel to do much more than 
touch upon the various subjects mentioned. 

The Note is divided into eight sections. In Section I the 
fundamental ideas concerning transformations and groups 
of. transformations are explained. Section II is devoted to 
projective transformations in one, two and three dimen- 
sions. Some of the principal subgroups are considered and 
a few examples of invariants with regard both to the gen- 
eral projective groups and to the subgroups are taken up. 
Even differential invariants are touched upon. Section ITI, 
while touching on point transformations in general and bi- 
rational transformations, is devoted almost entirely to the 
subject of inversion and the group generated by motions, 
reflexions in planes, and inversions. Section IV contains an 
explanation of two important systems of spherical coordi- 
nates: Darboux’s pentaspheric, coordinates which give the 
most convenient analytical means of studying the group last 
mentioned, and Lie’s more general system which leads, up 
naturally to a group of contact transformations whose con- 
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sideration is however postponed until Section VII. In 
Section V the transformation by reciprocal polars is first 
taken up, then the general correlation is considered and 
finally the group consisting of all projective transformations 
and all correlations in space of three dimensions is treated 
by means of line codrdinates. In Section VI the general 
subject of contact transformations is introduced and in Sec- 
tion VII a special contact transformation due to Lie is dis- 
cussed. Finally in Section VIII transformations in space 
of more than three dimensions are considered. considerable 
attention being paid to the relation between space of five 
dimensions and line geometry on the one hand and sphere 
geometry on the other hand. 
MAxiIME BOcHER. 
HARVARD UNIVERSITY, CAMBRIDGE, 


GOURSAT’S PARTIAL DIFFERENTIAL EQUA- 
TIONS. 


Lecons sur Vintégration des équations aux dérivées partielles du 
second ordre a deux variables indépendantes. Par E. Goursat, 
Professeur de calcul différentiel et intégral 4 1’ Université 
de Paris. 

Tome: I. Probleme de Cauchy.—Caractéristiques.-—Intégrales 

intermédiaires. Paris, A. Hermann, 1896. 8vo, viii + 
226 pp. 

Tome II. La méthode de Laplace.— Les systtmes en involution. — 
La méthode de M. Darboux.—Les équations de la premiére 
classe.— Transformations des équations du second ordre.— 
Généralizsations diverses. Paris, A. Hermann, 1898. 8vo, 
i+ 344 pp. 

THEsE two volumes constitute a fitting sequel to the 
author’s volume* and that of Mansionj on partial differential 


* Goursat : ‘‘ Lecons sur l’intégration des équations aux dérivées par- 
tielles du premier ordre, rédigées par C. Bourlet.’’ Paris, A. Hermann, 
1898. 354 pp. The subjects studied and their order of development 
in this volume may be of interest here in connection with the above volumes 
of the series. They are as follows: Théorémes généraux sur l’existence 
des intégrales.—Equations linéaires, Systémes complets.—Equations lin- 
éaires aux différentielles totales.—Equations de forme queleonque. Gén- 
éralités. Méthode de Lagrange et Charpit.—Méthode de Cauchy. Carac- 
téristiques.—Définition des expressions (¢, et [¢, Premiére méthode 
de Jacobi.—Méthode de Jacobi et Mayer.—Méthode de Lie.—Etude géo- 
métrique des équations a trois variables. Courbes intégrales. Solutions 


A 
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equations of the frstorder. Goursat’s investigations in this 
field give him an eminent right to write an exposition of 
the present state of our knowledge in the domain of partial 
differential equations of the second order in two independent 
variables. The theory of partial differential equations has 
been the subject of such extensive investigations and the 
task of eollecting and coordinating these researches into a 
systematic treatise is such a difficult one that it is natural to 
inquire into the general plan and spirit of Goursat’s work. 
This inquiry is anticipated in the preface of the first volume. 

Goursat observes that, chiefly under the influence of the 
writings of Fourier, Cauchy, Riemann, and their disciples, 
the search for the general integral of a partial differential 
equation, which is impracticable in most cases, has been 
gradually replaced by the study of the properties of partic- 
ular integrals satisfying certain limiting conditions together 
with the search for the latter integrals. The limiting con- 
ditions can be varied in an infinite number of ways, but the 
majority of problems treated so far can be referred to two 
distinct types. Cauchy has shown that, in general, an in- 
tegral is determined if we can give a curve situated upon 
this integral surface and the tangent plane at every point 
of the curve, provided that we suppose this integral to be 
represented by a development in integral series ; the search 
for this particular integral is known as Cauchy's problem. On 
the other hand, in the realm of the real variable, an inte- 
gral can be defined by the continuous sequence of values 
which it takes along a closed contour, the integral and its 
derivatives remaining continuous within the contour ; this 
is the celebrated problem of Dirichlet for the equation of La- 
place ; recent investigations, notably those of Picard, make 
@ similar treatment of more general equations possible. 

The first volume is occupied exclusively with the prob- 
lem of Cauchy. The second volume is devoted to the 
methods of Laplace and Darboux. It was the author’s 
purpose in the first volume to conclude the second by a 
chapter on partial quadratures ; that this is not realized is a 
disappointment to the reader, notwithstanding the fact that 


singuliéres. Théorie générale de Lie.—Transformations de contact.— 
Théorie des groupes. Méthode générale d’intégration. 

Autorisirte deutsche Ausgabe von Maser. Mit einem Begleitwort von 
Sophus Lie. Leipz g, Teubner, 1893. &vo, xiii +- 416 pp. 

t Mansion : ‘‘ Théorie des équations aux dérivées partielles du premier 
ordre.’? Mémoires del’ Academie de Belgique, vol. 25. (1875). Vom Ver- 
fasser durchgesehene und vermehrte deutsche Ausgabe. Mit Anhangen 
von S. von Kowalevsky, Imschenetsky, und Darboux. Herausgegeben von 
H. Maser. Berlin, Springer, 1892. S8vo, xxii + 489 pp. 


454 GOURSAT’S DIFFERENTIAL EQUATIONS. {June, 


greater unity of treatment results from the introduction of 
the chapter on generalizations. 

The exposition is excellent, exhausting the literature on 
the subject. The choice, development, and arrangement of 
the material leaves little to be desired, but there are those 
who may question whether the distribution of credit for 
the long and leading lines of the theory has been made 
with the same unerring judgment; in particular the ex- 
travagant claims for Ampére fail to do justice either to Lie 
as the inventor of contact transformations and of the idea of 
manifoldnesses as applied to integration problems* or to 
Goursat’s own researches in the general theory of charac- 
teristics. 

It is proposed here to follow the development with as 
much detail as the scope of a review will permit ; the num- 
bers attached to the sections correspond to the successive 
chapters of the work. 

1. Goursat} introduces the general notions and the prob- 
lem of the first volume by means of a particular class of 
equations, { namely, those of the surfaces generated by the 
curves of a complex or enveloped by the surfaces of a com- 
plex. In geometrical parlance a general integral of a linear 
partial differential equation of the first order is obtained by 
taking a simply infinite system of curves of a congruence, 
while the general integral of a non-linear equation of the 
first order is formed by the envelope of a simply infinite 
system of surfaces depending on two parameters, an arbi- 
trary relation having been established between the two 
parameters.§ An obvious generalization consists in in- 


* See Lie: ‘‘Geometrie der Beriihrungstransformationen,’’ p. 520. 

{The matter of this chapter is drawn largely from the following 
memoirs : 

Darboux : ‘‘Memoire sur les solutions singuli¢éres des équations aux 
dérivées partielles on) premier ordre,’? IV° partie, Mémoires présentés par 
divers savants, etc., 

Lie : “ Ueber lth inbesondere Linien- und Kugel- weet mit 
Anwendung auf die Theorie partieller Differentialg ” Mathe- 
matische Annalen, vol. 5. 

Klein : “‘ Ueber gewisse in der Liniengeometiie auftretende Differential- 
gleichungen,’’ Mathematische Annalen, vol. 5. 

¢ Unless otherwise specified, when the term “‘ equation ’’ is used in the 
succeeding paragraphs of this review a partial differential equation of 
the second order is meant. 

2 The distinction made here between the general integrals of the linear 
and non-linear forms is, as Goursat notes, not absolutely essential, since 
the general integral of a linear first order equation can be represented, 
and in fact in an infinite number of ways, by formule of the form 


V[z, 2, $(a)]=0, ¢’(a) = 


= 
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creasing the number of parameters; for example, if we 
consider curves or surfaces depending on three parameters 
we are led to second order equations whose theory preseats 
striking analogies to that of equations of the first order. 
Thus, all the surfaces of a complex of curves whose three 
parameters are connected by two relations satisfy the same 
equation 


+ + N=0, (1) 


L, M, N being functions of z, y, z, p, galone. The integral 
surfaces of this equation are characterized by the fact that 
through every point of one of these surfaces there passes 
one curve of the complex which curve osculates the surface. 
These curves of the surface which are tangent at all their 
points to the curves of the complex which pass through 
these points are called lines of osculation. It may happen 
that there is a first order equation 


F(x, y, z, =9 (2) 


whose integral surfaces are integrals of (1), but not surfaces 
of the complex ; in that case the equation (2) is said to be 
a singular integral of the first order of (1). 

Similarly, starting from a complex of surfaces whose 
parameters satisfy two conditions we arrive at the partic- 
ular form 


Hr +2Ks + It + M+ N(rt—#) =0, (3) 


H, K, L, M, N containing only z, y, z, p, q. 

The principles used in the derivation and discussion of 
the equations (1) and (3) are aptly illustrated by five geo- 
metrical examples. In connection with the notions relative 
to the contact and osculation of surfaces, Lie’s remarkable 
transformation which changes straight lines into spheres is 
introduced. The utility of Lie’s contact transformations 
for the general theory. is indicated by the theorem that any 
equation belonging to the class (1) or (3) can be brought 
by a suitable contact transformation to the form 


&—rt=0, (4) 


the equation of developable surfaces. 
Goursat adopts as the definition of the general integral of 
an equation of the second order 


F(2, y, 2, p, 9, 7; 8, t) = 9, (5) 


= 
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the definition which Darboux* has deduced from the works 
of Cauchy : An integral is general, if we can dispose of the 
arbitraries which figure in it, be they functions or constants 
unlimited in number, in such a manner as to find the solu- 
tions whose existence the theorems of Cauchy make known, 
i. e., in such a manner as to attribute to the unknown func- 
tion and one of its first derivatives values succeeding accord- 
ing to any continuous law given in advance for all the points 
ofa curve. Cauchy’s theorem does not demonstrate the ¢x- 
istence of singular integrals ; the general integral gives all 
the integrals except the singular integrals. It is the object 
of the present work to seek those integrals which are made 
known by the theorem of Cauchy ; in every case where the 
solution can be referred to the integration of one or more 
systems of ordinary equations the question is considered 
solved. 

Goursat points out that the frequent statement that the 
general integral of an equation in two independent var- 
iables depends on two arbitrary functions of one variable 
must not be taken literally, and illustrates the point by the 
equation 

r—q=0 


whose general integral 
+2 an 
g(x+2uv y) du, 


due to Ampére, contains but one arbitrary function ¢. 

The chapter is concluded by a long section showing how 
the method of integration of the equations considered at the 
beginning of the chapter may be regarded in a certain sense 
as a generalization of the method of the variation of arbi- 
trary constants. 

The final sentence of this chapter { and a remark in the 
preface ¢{ associate Ampére’s name with the contact trans- 
formations of Lie in a way that may lead to misinterpreta- 
tion. It must not be inferred that Ampére anticipated 
Lie’s theory. Transformations applied to given differ- 
ential equations appeared as early as Euler, Lagrange, and 
Legendre ; but none of these mathematicians studied these 


*Darboux : ‘*Lecons sur la théorie générale des surfaces,’’ vol. 2, 


p. 98. 

tSee page 38 and the reference to the 18th volume of the Journal 
de l’ Ecole Polytechnique. 

tSee page vii of the preface. 
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transformations in themselves or established general propo- 
sitions concerning the particular transformations, much 
less concerning general categories of transformations. 
Ampére applied more general transformations than those 
of Euler and Lagrange to partial differential equations, but 
to Lie is due both the credit of inventing the idea of a 
contact transformation and that of establishing the theory 
of such transformations in an independent existence. 

2. The second chapter * takes up the problem of Cauchy 
for the equation of Monge and Ampére. Using Ampére’s 
notation a linear equation in 7, s, t, rt — # is written in the 
form (3). The notion characteristic manifoldness is at the 
basis of the theories of Monge and Ampére for the integra- 
tion of equations of this form. Goursat introduces the no- 
tion by means of the problem of finding an integral surface 
of the equation (3) passing through a given curve C, and 
tangent all along C to a given developable D passing 
through this curve. The one dimensional manifoldness, 
M,, formed by the curve C and the tangent planes of the 
developable along the curve, is said to be a characteristic 
manifoldness of the equation (3) in the case when the 
equation (3) and 


dp = rdx + ady, dq=sdx + tdy (6) 


reduce to two distinct equations i in the three second deriva- 


* The following memoirs have been used in the construction of this 
chapter 

Monge : ‘Mémoire sur le calcul intégral des équations aux différ- 
ences partielles, »? Histoire de l Académie des Sciences (1784 

Ampére: ‘‘Mémoire contenant l’application de la théorie exposée 
(1820). le xvii? cahier, etc.’’, Journal de U Ecole Polytechnique, vol. 18 

1820 

Boole: ‘Ueber die partielle Differentialgleichung 2. Ordnung, 
Rr + Ss-+ Tt+ U(rt — s*) = V,’’ Crelle’s Journal, vol. 61 (1863). 

Bour: ‘Sur l’intégration des équations différentielles partielles du 
premier et du second ordre,’’ J. de Ee. Poly., vol. 22; De Morgan: Cam- 
bridge Philosophical Transactions, vol. 9 

Imschenetsky : ‘Etude sur les méthodes d’intégration des équations 
aux dérivées partielles du second ordre d’une fonction de deux variables 
indépendantes’’ (traduit du russe par Hoiiel). 

Graindorge : Mémoires sur l’intégration des équations aux dérivées par- 
tielles des deux premiers ordres,’’ Mémwires, de la Société Royale des Sciences 
de Liége, 2d series, vol. 5 (1873). 

Sophus Lie: ‘‘ Neue Integrat thode der Porters pi! schen 
Giddlese, ”” Archiv for Mathematik og Naturvidenskab, vol. 1 (1876) ; 
‘* Ueber Complexe, etc.”’, Math. Ann., vol. 5 (1872). 

Darboux: ‘“ Mémoire sur les solutions singuliéres, ete.’’, Mém. des 
sav. étr., vol. 27 (1883), pp. 205-238 ; ‘‘ Théorie des surfaces,”” vol. 3, p. 
263 ff. 
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tives r, s, t leaving one to be taken arbitrarily. Every equa- 
tion of the form (3) admits of two systems of characteristic 
manifoldness, each system depending on an arbitrary func- 
tion of one variable. The property of characteristics that 
through every point of an integral surface of (3) there 
passes one characteristic of each system situated wholly 
upon the surface is responsible for the capital réle of these 
manifoldnesses in the theory of equations (3). It follows 
that every integral surface of (3) together with its tangent 
planes forms a two dimensional manifoldness M, which is 
the locus of the characteristic manifoldnesses of (3) and con- 
versely a locus of characteristics is an integral surface. The 
phraseology of Lie’s geometry of surface elements would 
have been useful in presenting these details. In order to 
form the equations of the characteristics it is only neces- 
sary to express that the system of these equations (3) and 
(6), linear in r,s, t, reduces to two distinct equations. 

Lie’s interpretation of the integration problem of a first 
order equation * leads to a corresponding enlargement of 
the ordinary definition of an integral of a second order 
equation ; Goursat follows this lead in order to give greater 
generality to the theory. If the defining equations of one 
of the systems of characteristics of°(3) be written in a form 
to include all cases : 


dz — pdx — qdy = 0, 
F(x, y, 2, p, q3 dz, dy, dp, dq) = 0, (7) 
F,(2, y, 2, p, q3 dx, dy, dp, dq) = 0, 


F and F, being linear and homogeneous functions of dz, dy, 
dp, dq, then by an integral of (3) is meant an element mani- 
foldness, M,, such that through every element of this mani- 
foldness there passes one characteristic manifoldness M,, 

satisfying the equations (7) and all of whose elements be- 
long to M,. With this new definition of an integral the 
second order equation itself falls in the background while 
the linear equations in dz, dy, dp, dq which define the char- 
acteristics assume the title réle. Observing that equations 


* According to Lie to integrate the first order equation 
F(z, y, Pp, 7) =0 (a) 
is to find all families of * surface elements, the coordinates (2, y, z, p, 9) 
of whose elements satisfy (a) and the equation 
dz— pdr — qdy 0. 
A surface element is the ensemble of a point (z, y, z) and a plane (of an- 
gular coefficients p, q) passing through the point. 


= 
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(7) are changed into a similar system by a coutact transfor- 
mation we have at once the fundamental property of the 
equations of Monge and Ampére—when a contact transfor- 
mation is applied to one of these equations there results an 
equation of the same form, and the characteristics are 
changed into the characteristics of the new equation. The 
above notions are illustrated in the text by two examples 
relating to surfaces of a complex and the so-called surfaces 
of translations. 

In presenting the method of integration of Monge Goursat 
remarks that the method of Monge and Ampére consists es- 
sentially in a search for integrable combinations of the equa- 
tions which define one of the systems of characteristics of 
(3). When the equations of the characteristics of one of 
the systems admit of two integrable combinations, the method 
of Monge refers the solution of Cauchy’s problem to the in- 
tegration of a system of ordinary equations. The method 
of Ampére is more elastic and has the advantage of applica- 
bility to equations which the method of Monge fails to in- 
tegrate. Both methods lead to the same calculations for the 
integrations of those equations to which both methods are 
applicable. In the third and fourth part of his memoir 
Ampére shows that, when the equations of one of the sys- 
tems of characteristics or of the twosystems simultaneously 
present a single integrable combination, the given equation 
can be referred to ancther in which there appear but one or 
two derivatives of the second order. 

The question as to whether the equations of one of the 
systems of characteristics of (3) admit of integrable combi- 
nations identifies itself with that of finding intermediary in- 
tegrals of the first order which contain an arbitrary con- 
stant. The determination of intermediary integrals reduces 
itself to the problem of finding the integrals common to two 
linear equations of the first order ; the author assumes that 
the reader is familiar with the latter theory. 

The general search for intermediary integrals and the ex- 
aminations of the different cases in which intermediary in- 
tegrals exist are greatly aided by the theorem that two in- 
termediary integrals belonging to two different systems of 
characteristics are always in involution ; when the two sys- 
tems of characteristics are identical any two intermediary 
integrals are in involution. 

If une of the systems of characteristics admits of three 

‘integrable combinations* the two systems of characteristics 


* The equations of the second order for which the differential equations 
of the characteristics admit of three integrable combinations were first de- 
termined by Lie: Archiv for Math. og Naturv., vol. 1. 
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are identical. For this case we have the following practical 
rule: If the three distinct integrable combinations are du = 
0, dv = 0, dw = 0 we eliminate p and q from three equations 
u =a, v= 6b, w= and thus obtain a family of surfaces de- 
pending on three parameters a, b,c. The general integral 
of the given equation is found by establishing in these three 
parameters tio relations of arbitrary form and then taking 
the envelope of the surfaces thus obtained. When the two 
systems of characteristics are identical they cannot admit of 
two integrable combinations. The one remaining case of 
one integrable combination will not yield to the method of 
Monge. Ampére succeeded by a very complicated calcula- 
tion in showing that in this last case the given equation can 
be referred to one whose only second derivative isr. By 
Lie’s theory of contact transformations this theorem drops 
out at a stroke. Goursat illustrates these different cases by 
examples. Among other points in this connection he solves 
Cauchy’s problem for the equation s = 0 and demonstrates 
Lie’s theorem already alluded to that every equation of the 
form (3) can be reduced to a canonical form, say rt — s* = 0, 
or r= 0, by contact transformations. 

When the two systems of characteristics of the equation 
(3) are distinct, each system admits of two integrable com- 
binations at most. In case this maximum number ‘is at- 
tained the given equation admits of two intermediary 
integrals each containing an arbitrary function. The solu- 
tion of Cauchy’s problem in this instance is referred to 
quadratures wherein the arbitrary functions need not occur 
under the sign of integration ; in proof of the latter theorem 
Goursat employs a lemma from the theory of contact trans- 
formations, in fact the direct discussion leads to Lie’s 
theorem:—* All equations of the second order which admit 
of two intermediary integrals of the first order each con- 
taining an arbitrary function and belonging to different 
characteristics can be reduced by contact transformations 
to the form s=0. When one system admits of two in- 
tegrable combinations and the other of but one, the prob- 
lem of Cauchy is referred to the integration of an ordinary 
differential equation of the first order ; in general it is im- 
possible to obtain formule for the general integral in which 
the arbitrary functions do not occur under the sign of in- 
tegration. If one of the systems admits of two integrable 
combinations and the other of none, Cauchy’s problem is 
referred to the integration of a system of ordinary differen- 


* This theorem has also been obtained by Darboux ; see memoir cited 
at the beginning of this chapter. 
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tial equations. If neither system admits of two integrable 
combinations the method of Monge will not give the general 
integral. If each system admits of but one integrable 
combination the given equation is reducible to the simple 
form 

s— A(z, Y, 2, Ps q) 


by contact transformation. If only one of the systems pos- 
sesses an integrable combination a contact transformation 
reduces the equation to the simple form 


Hr + 2Ks + M=0. 


When the differential equations of the characteristics do not 
admit of integrable combinations the methods in hand fail 
to reduce the given equation toa simpler form. Imsche- 
netsky has remarked however that, when we know an in- 
tegral containing three arbitrary constants, we can derive 
from the given equation by a contact transformation an 
equation in which the term rt — s* does not appear. Gour- 
sat gives an a priori demonstration of this theorem. 

The chapter is concluded by Ampére’s integration of the 
equation 

(1 + — + (1 + p*)t=0 


of minimal surfaces, together with a generalization of this 
method for the equations 


Hr + 2K3 + It =0, 


and the solution of Cauchy’s problem for surfaces of transla- 
tion drawn from the researches of Lie.* 

3. The third chapter presents a number of examples, 
taken largely from the theory of surfaces. Goursat states 
that it is not his object to present results in their simplest 
form but solely to show how the general processes of inte- 
gration are applied. The first of these examples finds the 
surfaces of Joachimsthal, namely those surfaces one of whose 
systems of lines of curvature are plane curves whose planes 
pass through a fixed point; the second determines the sur- 
faces of Monge, i. e., the surfaces one of whose systems of 
lines of. curvature is situated upon concentric spheres ; the 
third seeks those surfaces whose lines of curvature are’ plane 
curves in both systems. The last example introduces, by a 
theorem of Bonnet, the problem of the spherical representa- 
tion of Gauss. The problem of finding those surfaces which 


*Sophus Lie : ‘‘ Untersuchungen iiber Translationsflachen,’’ Berichte 
der Konigl. Sachs. Gesellsehaft der Wissenschaften, 1892. 


| 
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admit of a given spherical representation depends on the in- 
tegration of an equation of the form 


r= H(z, y)t; 


as a fourth example Goursat proposes to find what condi- 
tions the function A(z, y) must satisfy in order that the pre- 
ceding equation can be integrated by the method of Monge. 
The fifth example integrates the equation 


X(x)pt + rt — = 0;* 
the sixth attacks the form 


qr + (2q— p)s — pat = 0.7 


These specified examples are followed by a series which 
have to do with the derivation and integration of those 
equations whose characteristics are éither asymptotic lines, 
lines of curvature, or conjugate lines. The applications are 
concluded by the integration of the equation 


(r — pt)’ = 
This equation possesses historical interest since it is the first 
one treated by Ampére.{ Goursat gives the integration 
not only by the method of Ampére but -also by the method 
of Monge. 

The constant use made of contact transformations in the 
solution of the above problems amply illustrates the im- 
portance of Lie’s theory in the integration of partial dif- 
ferential equations. 

The author gives an extensive list of exercises at the end 
of this chapter, many of which, he states, are taken from 
the treatise of Forsyth. 

4. The last chapter § of the first volume has to do with 
the general theory of characteristics and extends the notion 


*See Goursat : ‘‘Sur une probléme relatif 4 la déformation des sur- 
faces,’’? American Journal of Mathematics, vol. 14. 
tSee Goursat: ‘Sur une classe d’équations analogues 4 |’équation. 
de Clairaut.’’ Bulletin de la Société Mathématique, 1895. 
{Journal de I’ Ecole Polytechnique, vol. 18, pp: 46 et seq. 
2 Ampére : “‘Considérations générales sur les intégrales des équations 
aux diférentielles partielles,’’ Journ. de V Ee. Polytech., vol. 17. 
Backlund: ‘‘ Ueber partielle Differentialgleichungen hodherer Ord- 
nung, die intermediare erste Integrale besitzen,’’ Mathematische Annalen, 
vols. 11 and 13; ‘* Zur Theorie der Charakteristiken der partiellen Differ- 
entialgleichungen zweiter Ordnung,’’ Ibid., vol. 13. 
Goursat: ‘‘Sur une classe d’équations aux dérivées partielles du sec- 
ond ordre et sur la théorie des intégrales intermédiares,’’ Acta Mathe- 
matica, vol. 19. 
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to equations of any form whatever. Let 
F(x, 2, P, % 7, 8, t) =0 (8) 


be an equation of the second order of arbitrary form. 
Every system of values of the variables (7, y, z, p,q, 7, 8, t) 
is called an element of the second order. By a character- 
istic manifoldness, or more simply characteristic, of the 
equation (8) is meant a simply infinite system of elements 
of the second order satisfying the relations 
F(z, % 7; 8, t) = 0, 
Rdy — Sdrdy+ Tdz’ = 0, (9) 


dz = pdz + xa dp =rdx+sdy, dq = sdx + tdy, (10) 


(11) 
+R& 
where 
OF OF oF. 
R=—,; 


dF OF oF oF 
oF OF oF 
Since the equation (9) is a quadratic for dy/ dz every equa- 
tion of the form (8) possesses two distinct systems of char- 
acteristics ; these systems are identical when S’— 4RT= 0. 
Goursat applies these generalities to the Monge-Am- 
pére equation (3). A characteristic of the first order 
of the Monge-Ampére equation is defined to be a simply 
infinite system of elements of the first order (2, y, z, p, q) 
satisfying the three equations 
Hdpdy + Ldqdz + Mdzdy + Ndpdq = 0, 
Hdy — 2Kdzdy + Ldz? + N(dpdz + dqdy) = 0, 
dz — pdx — qdy = 0. 


An easy reckoning shows that the characteristics of the 
first order are identical with the. characteristic manifold- 


| 
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nesses studied in the second chapter. Every characteristic 
of the first order belongs, in general, to an infinity of 
characteristics of the second order depending on an arbi- 
trary constant. If two integral surfaces admit of all the 
elements of a characteristic of the first order and if they 
have contact of the second order at one point of this char- 
acteristic they have contact of the second order all along 
the characteristic. 

Two simple examples are introduced to show that those 
equations whose two systems of characteristics are identical 
must be studied separately. The remark is also thrown 
out that there are equations besides the Monge-Ampére 
equations which admit of characteristics of the first order. 

The notions element and characteristic can be further 
generalized by considering derivatives of any order and the 
series of values which they take along a characteristic. 
Putting 

Pa 
a system of values of the variables 


(z, Y,2,P, 9; 7%; 8, t, Pa—-1,19 


is called an element of the nth order ; when it is displaced 
along a characteristic, the simply infinite series of elements 
of the nth order is a characteristic of the nth order. The 
differential equations of an nth order characteristic are es- 
tablished in the same manner as those of a characteristic 
of the second order. If S*’—4RT is not zero then 1° a 
characteristic of the nth order is contained in an infinity 
of characteristics ofthe (n + 1)th order, depending on an 
arbitrary constant ; 2° an nth order characteristic is con- 
tained in an infinity of characteristics of order n+ 1, de- 
pending on r arbitrary constants ; 3° if two integral sur- 
faces have all the elements of a second order characteristic 
in common and have contact of the nth order at one point 
of this characteristic, they have contact of the nth order 
all along the characteristic. When S* — 4RT is equal-to zero 
the results are all different ; for example, a characteristic 
of the nth order is, in general, contained in but one char- 
acteristic of the (n.+ 1)th order. 

All the elements of a characteristic of the second order 
(for which S’*—4RT is not zero) belong to an infinity of 
integral surfaces, depending on an infinity of arbitrary con- 
stants. Two characteristics of the second order belonging 
to two different systems and having an element of the sec- 


| 
Pon) 
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ond order in common determine one integral surface and 
but one. 

Goursat applies these theorems to the Monge-Ampére 
eyuations having two distinct systems of characteristics 
with the results that the two just written hold for these 
equations when ‘‘second’”’ is replaced by ‘‘first.’’ These 
Monge-Ampére equations possess the peculiar property that, 
being given an integral surface and a characteristic on this 
surface, there exists an infinity of surfaces having contact 
of the first order with the first all along this curve; i. e., 
if there exist manifoldnesses M, of first order elements which 
belong to an infinity of integral surfaces, the value of one 
of the second order derivatives can be chosen arbitrarily at 
a point of M,. The question whether there are other equa- 
tions of the second order possessing this property is an- 
swered in the affirmative ; the latter equations also admit 
of first order characteristics. 

The study of these two orders of characteristics leads 
Goursat to the following classification of equations of the 
second order : 

1° The.general equations which admit of two different 
systems of characteristics, both of the second order. 

2° The equations which, when z, y, z, p, q are regarded as 
parameters and r, s, ¢ as current coordinates, represerft a 
ruled surface, not of the second degree, whose generatices 
are parailel to that of the cone 7,* without the tangent plane 
to this surface being parallel toa tangent plane of T. These 
admit of two different systems of characteristics, one of the 
first order, the other of the second. 

3° The equations of Monge and Ampére. They have two 
systems of characteristics, in general distinct, both of the 
first order. 

4° The equations which, with the same conventions, rep- 
resent a developable surface admitting the cone T as direc- 
tor cone. 

It is clear that this classification is invariant under all 
contact transformations. 

After completing the solution of the problem of Cauchy 
introduced in the first chapter Goursat proceeds to a study 
of those equations which admit of characteristics of the first 
order. The theory of characteristics of the first order is 
intimately associated with that of intermediary integrals. 
An equation of the second order taken at random does not, 
of necessity, admit of an intermediary integral. The con- 


* The equation of this cone T is s?—rt = 0. 
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ditions that an equation admitting of characteristics of the 
first order admit of an intermediary integral, V(z, y, z, p,q; 
a,b) depending on two essentially different parameters a 
and 6 are found by replacing A, p, ~, », respectively, by 


Oy 12? Op’ 2q 
in the equations 


which equations represent the conditions, homogeneous in 
4, #, ¥; p, necessary and sufficient that the straight line 


shall be a generatrix of the surface represented by the given 
equation, when r, s, ¢ are taken as current codrdinates and 
2; p, a8 parameters. 

By seeking all those equations admitting of character- 
istics of the first order and of such a nature that the two 
equations to be satisfied by an intermediary integral form a 
system in involution, Goursat finds a wide class of integra- 
ble equations whose systems of characteristics fall together, 
thus generalizing a property already established for the 
Monge-Ampére equations. The integration of this class is 
referred to the integration of systems in involution. The 
author shows how we may obtain formule for the general 
integral analogous to those -obtained for the equations of 
Monge and Ampére. For the solution of the problem of 
finding all equations which can be integrated in this man- 
ner he refers the reader to his memoir * already cited. 

Goursat points out that the fundamental distinction be- 
tween the two species of characteristics is contained im- 
plicitly in the memoir of Ampére referred to at the begin- 
ning of the chapter. He concludes the chapter by a rough 
sketch of those details of Ampére’s memoir which bear 
directly on this statement. At the end of the chapter there 
appears a valuable list of exercises. 

5. The fifth chapter of the work begins the second vol- 
ume and takes up the method of Laplace. Consider the 
linear equation 

* Acta Mathematica, vol. 19, pp. 285-340. 

t Euler: “ Institutiones Calcali Integralis,’’ vol. 3. 

Laplace: ‘‘ Recherches sur le calcul intégral aux différences partielles,’’ 
Mindives del’ Académie, 1773. 


Darboux: ‘‘ Lecons sur la théorie générale des surfaces,’’ vol. 2, chap- 
ters 2 ff. 
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8+ ap+bqa+cz= (12) 


where a, 6, c, M are given funetions of the independent 
variables x and y. In order that this equation admit of an 
intermediary integral depending on an arbitrary function 
the functions a, b, ¢ ought to satisfy at least one of the 
equations 


h=a,+ab—c=0, k=b, + ab—c=0. (13) 


In either case the general integral of (12) is obtained by 
quadratures. In case both are satisfied simultaneously the 
given equation admits of two different intermediary in- 
tegrals and can be reduced to the forms=0. In case 
neither is satisfied the method of Monge cannot find the 
general integral. We owe to Laplace a method of trans- 
formation which, in certain cases, refers the integration of 
the equation (12) to that of another of the same form pos- 
sessing an intermediary integral. The presentation of La- 
place’s method adopted by Goursat is substantially that 
given by Darboux in the second volume of his theory of 
surfaces. Without loss of generality M may be put equal 
to zero in the equation (12) and the equation is accordiugly 
taken in the simpler form. 
The substitutions 


4=qtaz, (14) 


define the first and second transformations of Laplace re- 
spectively. Goursat remarks that these transformations 
differ essentially from contact transformations. A contact 
transformation applied to a second order equation always 
yields an equation of the second order, while the transfor- 
mations of Laplace applied to any equation of the second 
order give, for the new unknown, a system of several equa- 
tions of order higher than the second. Their success when 
operating on the equation (12) is due to the particular form 
of that equation. They can be decomposed into simpler 
transformations, for example, the first is equivalent to the 


three 
— fady 


of which the first'and third are applicable to every equation 
of the second order, while the second is efficient only with 
equations of a particular form. 

Darboux calls the left hand members of the equation (13) 
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which are represented by A and k respectively, and in gen- 
eral are not zero, the invariants of the equation (12) de- 
prived of its right hand member, since they are unchanged 
by the change of variables 
c=¢(2’), y=s(y), y)2. 

If we consider two linear equations which are derivable one 
from the other by the substitution z = 22 as essentially the 
same, a linear equation is completely determined when its 
invariants are known. 

Let (E£) be a linear equation without a second member ; 
the first transformation of Laplace applied gives an equa- 
tion of the same form (£,) and the second (E_,). The 
invariants of these two equations depend only upon the 
invariants of (E). Repeating the transformations a single 
series is reached 


(E_:), (E_1), (4), (15) 


in which each equation (£,) is deduced from the equation 
(E,_,) by the first substitution and from (E;,,) by the sec- 
ond. Two equations of this series are integrated simulta- 
neously, hence if one of them can be integrated, the whole 
sequence can be. If one of the equation (£,) has a zero 
invariant the series terminates with this equation and every 
member of the series is integrable by quadratures. The 
general integral of the original equation (£) in this case 
consists of an expression containing explicitly an arbitrary 
function and a finite number of its derivatives while a sec- 
ond arbitrary function enters under the integral signs. This 
second function Y can not in general be made to disappear ; 
if it be zero the general integral has the form 


AX+ AX +--+ A,X", (16) 


the A’s being determinate functions, while X isan arbitrary 
function, of z, y. Conversely, if (£) admits of a solution 
of this form the series of Laplace terminates on one side 
after i operations at most. The expression (16) is said to 
be of the (i+ 1)th range with regard to xz. Similarly, 
changing the variables z and y, if (E_;) has a zero invariant, 
the series of Laplace terminates on the other side and the 
given equation has a particular integral of the (7 + 1)th 
range in y. If the series terminates on both sides the gen- 
eral integral is of the form 


z= AX+ A,X’ +--+ AX°4+ BY+ BY +--+ 
of range i + 1 with regard to z and j + 1 with regard to y. 
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To find all linear equations whose general integral . is: 
given by the method of Laplace it is necessary and sufficient 
to find all those sequences of linear equations in which the 
equations of the sequence are derivable one from another 
by the method of Laplace, and which terminate on one or 
both sides. To find those sequences which terminate on 
one side is easy, but to those terminating on both sides is 
more difficult. In the solution of the latter problem Gour- 
sat applies the method of attack devised by Darboux. 

In illustration of the general method of Laplace Goursat 
takes up again the equation of minimal surfaces. He then 
establishes the following theorem,* which in a great num- 
ber of problems in the theory of surfaces enables us to recog- 
nize in advance whether. Laplace’s method is applicable to 
certain equations :—If in the n + 1 linearly distinct integrals 
of the equation 

s+ ap + bq + cz =0, (17) 


there exists a linear and homogeneous relation whose co- 
efficients are functions of but one of the variables z, y, the 
series of Laplace relative to this equation terminates on one 
side after n —1 transformations at most. The theorem’s 
utility is shown by applying it to the problem of finding 
those surfaces one of whose systems of lines of curvature 
consists of plane curves. 
Every linear equation of the form 


Ar +2Bs+ (t+ (18) 


where A, B, ---, G are any functions of z and y can be re- 
duced to the form (17) provided that B’ — AC is not zero. 
To make the reduction it is sufficient to take as new varia- 
bles u and v satisfying the relations 


v, =0, 


in which A, are the roots of —2BA+C=0. 
However, Legendre} has shown that we can apply directly 
to the equation (18) a method analogous to the method of 
Laplace, without making the preceding transformation. 
Goursat gives Legendre’s method in the simple form pre- 
sented by Imschenetsky. 

The reasoning of the preceding sections is valid hoth in 


* Goursat: “Sur les équations linéaires et la méthode de Laplace,’’ 
American Journal o; of Mathematics, vol. 18. 

t Histoire de Académie des Sciences, 1787—‘‘ Mémoire sur l’intégration 
de quelques équations aux différences partielles,’”’ 24, pp. 319-323. 
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imaginary variables and in real variables. When the co- 
efficients of (18) are real functions of z and y and none but 
real transformations are employed the equations (18) may 
be classified into three types : 

1° If B’ — AC is positive, the characteristics of the given 
equations are real, and the equation is said to appertain to 
the hyperbolic type. A real substitution refers the given 
equation to the form 


by substituting 42 + » for z, where 4 and » are functions of 
z and y suitably chosen, Mand one of the coefficients may 
be made to disappear and the equation to take one of the 
three forms 


stap+bg=0, stapt+ez=0, 


2°. If B’ — AC is negative, the characteristics are imagin- 
ary and the equation is of the elliptic type; it cannot be 
referred to the preceding canonical form by a real substitu- 
tion. The canonical form for this type is 
Oz 3 3 
where u, v, a, satisfy 
Ou Ou 9 ov ow 90 


v Ou 


Aa + B=0,-A?? = AC— 


= +e2+M=0, 
Ou v 


Again, in this case, the substitution z= 42’ + » removes M 
and one of the a, J, e. 

3°. When B’* — AC is zero, the equation has but one sys- 
tem of characteristics, which are necessarily real, and be- 
longs to the parabolic type. If a new system of variables 
u and v be taken such that v = constant represents the char- 
acteristics, the equation assumes the form 


oz Oz 

t * 5, tha +a+M=0; 

as in the preceding cases the substitution z = Az’ + » removes 
Mand ¢; if for the variable u an integral u, of the equa- 
tion be taken, we see that 


r+bq=0 
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may be taken as the canonical form of the equation of the 
parabolic type 

6.* A system of equations of partial derivatives in m 
functions z,,---,z, and n independent variables z,, --- , z, is 
said to be integrable if there exist at least one system of 
functions 


such that on the substitution of the ¢’s for the z’s in the 
given equations the latter become identically ,zero. If p is 
the order of the lowest derivative entering into the system 
and if every equation of order equal to or inferior to p which 
admits of all the integrals of the system is an algebraic con- 
sequence of these equations, the system is said to be com- 
pletely integrable.+ It can happen that a system of m 
equations containing fewer than m unknowns admits of in- 
tegrals depending on an infinity of arbitrary constants. 
Lie calls such systems Darboux systems. The most impor- 
tant class are formed by the Darboux systems whose general 
integral possesses the highest degree of generality possible, 
or systems in involution. Goursat gives a more precise 
definition of systems in involution in a later paragraph. 

Among the systems of particular interest are those in 
which all the derivatives of a certain order of the unknown 
functions can be expressed by means of the variables, the 
unknown functions, and derivatives of a lower order. It is 
always possible { to recognize, by differentiations and alge- 
braic operations, when such a system is compatible, or to 
find the finite number of constants on which the general in- 
tegral of such a system depends. These systems have been 
extensively studied by Lie. § 

Before proceeding to the consideration of certain particu- 
lar types of systems Goursat makes use of some notions in- 
troduced by Lie. The idea of an element of the nth order 


* This chapter, devoted to systems in involution, has been constructed 
to a large extent from the memoirs of Konig: Mathematische Annalen, 
vol. 22; Hamburger: Crelle, vols. 81, agp 1108 ‘Lie : Berichte der Konigl. 
Sache. ‘Gesellschaft der Wissenschaften zu Leipzig, 1895 ; Méray and Riq- 
uier: Annales del’ Ecole Normale, 1980 ; Riquier: Annales de’ Ecole Normale, 
1893 ; Mémoires des Savants étrangers, vol. 33; Bourlet : Thése de Doc- 
— "Paris, 1891 ; Beudon : Thése de Doctorat, Paris, 1896 ; von Weber : 

Sitzungsberichte der Akad. der Wissenschaften, Minchen, 1895 ; Tresse : 
roy oy Doctorat, Paris, 1893; Delassus: Annales de P Ecole Normale, 
1 1 

Tt Complétement intégrable, unbeschrankt gaye 

tSee Bourlet: Thése de Doctorat, 1" partie, Paris, 1 

‘‘ Theorie der Transformationsgrappen, ”” vol. L 10. 
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was presented in the fourth chapter of the first volume. 
Two nth order elements infinitely near to each other 


(2, dz, y + dy, + dz,*") Da + dp,, 
are said to be associated when we have 
dz= + Pody, + i+tkSn—1. 


It is clear that a surface determines a doubly infinite num- 
ber of associated elements of the nth order ; a curve on this 
surface determines a simply infinite number of these asso- 
ciated elements ; such a manifoldness is called an orienta- 
tion of nth order elements and the curve considered is called 
the support of the orientation. Lie’s notion of an integral 
for the case of the system 


F,=0, F,=0,~,F,=0, 


where the highest derivative is of the nth order, becomes : 
every doubly infinite system of associated nth order ele- 
ments verifying those equations is an integral of the system. 

After seeking the integrals common to two equations, one 
of the first and the other of the second order, Goursat pro- 
poses to study the systems of the form 


r+f(z, 2, P,q 8) =90, t+ 9(2, ¥, 2, p,q, 8) 
Lie calls such a system a system in involution when the 
conditions, using the notation of the text, 


Os Os 


are satisfied. 

A system of this species admits of an infinite number of 
integrals depending on an infinite number of arbitrary con- 
stants. 

The theory of systems in involution presents numerous 
analogies with the theary of partial differential equations of 
the first order. Every equation of the first order has a family 
of characteristic manifoldnesses of the first order depending 
on three parameters ; similarly every system in involution 


* The operators here are thus defined : 
(a) +t 52? — t dq” 


d\_2,2 3 
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possesses a family of characteristics of the second order de- 
pending on five parameters. Each characteristic of the 
second order contains a characteristic curve which serves 
as its support, and in general, these characteristic curves 
themselves depend on five parameters. The integration of 
a system in involution is referred to that of a system of 
ordinary differential equations by a method which is a gen- 
eralization of the method of Cauchy for the integration of a 
partial differential equation of the first order. The notion 
of a complete integral of a first order equation finds also a 
parallel in that of a complete integral of a system in involu- 
tion, but with this difference, as Goursat points out by 
means of an example-happily chosen—every. family of sur- 
faces depending on two parameters is a complete integral of 
a differential equation of the first order, but while a family 
of surfaces depending on four parameters gives a complete 
integral * of a system of two equations of the second order, 
the latter are not, in general, in involution. That is, a 
system of two equations of the second order can admit of 
an infinity of integrals, depending on an arbitrary function, 
without being in involution. In order that the system be 
in involution it is necessary that through a curve taken 
arbitrarily there pass an infinity of integrals depending on 
an arbitrary constant. After a short study of linear systems 
in involution and a number of useful examples Goursat con- 
cludes this part of the study with the observation that asystem 
of two equations of the second order can admit of an integral 
depending on an infinity of arbitrary constants in two cases: 
(1) when the two equations are in involution ; (2) when 
they have a common intermediary integral of the first order. 

Two second order equations of any form whatever are 
said to be in involution when the four equations formed by 
differentiating the two with regard to x and y reduce to 
three distinct equations. If the system be formed of one 
equation of the second order and one, g=0, of the nth 
order, in order that the two be in involution it is necessary 
that the latter satisfy one of two sets of conditions. 

The determination of the characteristics of a system in 
involution is the essential part of the problem. Just as the 
method of Monge and Ampeére was chiefly concerned in find- 
ing integrable combinations of the differential equations of 
the characteristics of the first order, we find here a general- 
ization of this method which seeks integrable combinations 


* The theory of the complete integral can be extended to systems in 
involution composed of an equation of the second order and one of the 
nth order, as Goursat observes in a later remark, p. 94, vol. 2. 
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of the differential equations of the nth order characteristics. 
Without loss of generality the given second order equation 
may be taken in the form r + f = 0; * in order to obtain the 
equations of the characteristics of the system in involution, 
r+f=0, ¢ = C, it is only necessary to adjoin the relation, 
¢g = C, to the equations of the characteristics of r + f= 0. 
A fundamental property of systems in involution is that 
every orientation of nth order elements belonging to two 
equations, one of the second and the other of the nth order in 
involution, determines a common integral of the system. Of 
the two equations above, whatever be the constant, C, the 
function is an invariant + of one of the systems of character- 
istics of the equation r + f= 0. 

After considering a system formed of r+ f= 0 and two 
equations of any order whatever, and extending various re- 
sults of the preceding investigation, Goursat presents the 

ingenious method of Lie ¢ for demonstrating the capital prin- 
ciple which dominates the theory of systems in involution, 
namely, that every integral is a locus of element manifold- 
nesses which depend on a finite number of constants, and 
which, consequently, can be obtained by the integration of 
a system of ordinary differential equations. 

After presenting a remark of Tannenberg’s, § connecting 


systems in involution with Lie’s transformation groups and- 


certain systems of total differential equations studied by 
Hamburger, || Goursat concludes the chapter with some 
theorems of Konig] on systems completely integrable. 
A.semi-linear equation, r+ f= 0, and an equation of the 
second order, u = a, form a system completely integrable if 
u satisfies a certain equation of the second order. This 
theorem is generalized for the system formed of a semi-linear 
equation, and one of any order whatever, resulting again in 
@ single equation of condition. 

7. The seventh chapter deals with the method of Darboux 
which appeared in 1870 together with the extensions and 
applications of this method which have been developed in 


* Lie has proposed that equations of this form be called semi-linear, a 
designation which Goursat gives later in the text. 

t By an invariant of the nth order of a system of characteristics is 
meant afunction (z, Z, pio, ---, Po,n ), containing at least one of the deri- 
vatives pi,n—1,po,, and no derivative of higher order, which preserves a 
constant value when it is displaced along a characteristic of the system. 

tLie: ‘Zur allgemeinen Theorie der partiellen Differentialglei- 
chungen beliebiger Ordnung,’’ Berichte der Konigl Sachs. Gesell. der Wiss. 
zu Leipzig, 1895. 

3 Comptes Rendus, vol. 120, p. 674. 

|| Crelle, vol. 110. 

si Mathematische Annalen, vol. 24. 
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the memoirs* of a number of geometers since that date. 
Goursat presents a succinct résumé of the theorems given in 
Darboux’s memoir quoting largely from the memoir itself, 
and calls attention tothe fact that a number of the theorems 
have already been demonstrated in the sixth chapter of the 
present work. He then proceeds to consider with Darboux 
the case where each of the two systems of characteristics 
admits of two integrable combinations, so that the second 
order equation, F = 0, admits of two distinct intermediary 
integrals belonging to the two different systems of charac- 
teristic and not necessarily of the same order, 


u—g(v)=0, 
Every integral of the given equation satisfies two equations 


of this form, and conversely, whatever be the functions ¢ and 
¢, the three simultaneous equations 


F=0, u—¢g(v)=0, u,—¢¥(v,) =9, 


form a system which is completely integrable, whose general 
integral, which depends on a finite number of constants, can 
be obtained by the integration of a system of ordinary dif- 
ferential equations. 

In order to integrate this system two auxiliary variables 
a and f are introduced by putting 


=a, u=g(a), =A, u,=¢(2); 


by means of these four equations and the equation, F= 0, 
five of the eight variables‘z, y, z, p, 9, r, 8, t can be written 
as functions of the other three and a, 3, g(a), ¢(f). By 
replacing those five variables by their values in 


dz = pdx + qdy, dp=rdxr-+sdy, dq = sdzx + tdy, 
we are led to a system of total differential equations, which 


is completely integrable, for determining the other three 
variables in functions of a and f. 


* Darboux : Comptes Rendus, vol. 70, Ann. del’ Ec. Norm., 1st series, vol. 
7, 1870 ; Falk : Nova Acta Regiae Soc. Ups., 3d series, vol. 8, 1872; Picard 
Comptes ” Rendus, vol. 78 (1874) ; ye ay Crelle, vol. 81 (1876), 
vol. 93 (1882) ; hes Winckler : Sitzungsb. d. . Akad. d. Wiss., Wien, Abth 
II., vols. 88, 89 (1883-84) ; 1883-84 ; "xinte: Math. Ann. vol. 24, 
(1884) ; Sersawy - Denkschriften d. k. Akad. d. Wiss., Wien, Math. Naturw. 
Classe, vol. 49 (1885); Boer: Archives néerlandaises, vol. 27 ; Speckman : Ar- 
chives néerlandaises vol. 28 ; Lévy : Com Rendus, vol. 25 (1872) Lie : 
Archiv for Math. og Naturww., vol. 5 (1889) ; Christiania Forhandlinger, 1880, 
Leipz. Berichte, 1895; Beudon: Thése de Doctorat, 1896; Weber: Math. Ann. 
vol. 47, Sitzungsb. d. Math. Phys. Classe d. k. Bayer. Akad. d. Wiss. vols. 
25, 26; Sonine: Bull. d. Se. Math., 1st series, vol. 10. 
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When wu, v, u,, v, contain only derivatives of the first 
order, the given equation is necessarily of the form of the 
equations of Monge and Ampére. The next simplest case 
is when wu, v, u,, v, contain no derivative higher than the 
second. 

Goursat applies the preceding method to several forms by 
way of illustration, among which are Liouville’ 8 equation 
s = e*, and the defining equations of minimal surfaces and 
surfaces of translation. 

The solution of Cauchy’s problem for the semi-linear 
equation r + f= 0, when but one of the systems of charac- 
teristics of the nth order possesses two distinct integrable 
combinations du = 0, dv= 0 is referred to the integration 
of two consecutive systems of ordinary differential equa- 
tions. The first of these systems which gives u and v does 
not depend on the initial conditions, but the second one is 
dependent on the initial conditions. 

The method of Darboux is again applicable to the third case, 
namely, when the two systems of characteristics coincide. 
After comparing the method for this case with that of Am- 
pére, Goursat develops a number of theorems on invariants 
for use in subsequent sections. If f=: 0 admits of an nth 
order intermediary integral u — ¢(v) = 0, then u and v = 
invariants of one of the systems of characteristics of f= 
If u and v are two distinct invariants of the same system 
characteristics, then du/dv is a new invariant. When the 
two families of invariants are distinct, there exists at most 
in each family one distinct invariant of the nth order for 
every value of n greater than 2 ; each of the systems admits 
of at most two invariants of the first order ; if this maximum 
number is attained the equation must belong to those of 
Monge and Ampére ; each distinct system of characteristics 
has at most three invariants of the first or second order ; if 
one of the distinct systems admits of more than one invari- 
ant, it admits of an infinite number among which there can 
always be found two, u and v, such that all are expressed 
in the following sequence 


=> = owe 
du’ 2 du du 


Applying these theorems to the solution of the problem 
of finding all equations integrable by the method of Darboux 
and possessing two coincident systems of characteristics, 
Goursat finds that the only equations of this category are 
those* already integrated in chapter four of the first vol- 


* Acta Mathematica, vol. 19. 
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ume of this treatise, and which include as a particular case 
those equations of Monge and Ampére in which the differ- 
ential equations of the first order characteristics admit of 
three distinct integrable combinations. 

For the case of linear equations the method of Darboux 
and the method of Laplace succeed simultaneously ; for 
the most general linear form Darboux’s method leads to the 
same results as Legendre’s generalization of the method of 
Laplace. 

Among the examples used in this chapter is Lie’s* ele- 
gant discussion of the equation s = f(z). This equation is 
integrable by the method of Darboux only in the case when 


is different from zero. 

An equation of the second order which is integrable by 
the method of Darboux possesses the following property : 
every integral of the equation belongs to another partial 
differential equation which has an infinity of integrals de- 
pending on an arbitrary function in common with the given 
equation, without admitting of all of them. This property 
makes possible the application of Lie’s theory -of infinite 
transformation groups to the problem of constructing equa- 
tions integrable by the method of Darboux. This applica- 
tion Lie has made in a masterly manner in a recent mem- 
oirt already cited. Goursat presents an exposition of the 
method confining himself to point transformations. 

The formule 


x, = y, z), 2), z,= y, 2), (19) 


which make the point (z,, y,, z,) correspond to the point 
(x,y,z) define a point transformation of ordinary space. 
df the functions P, Q, R depend upon a finite number of 
arbitrary parameters, or on one or more arbitrary functions, 
the preceding equations define an ensemble or family of 
point transformations. Such an ensemble forms a group 
when the sequence of any two transformations of the en- 
semble gives a transformation belonging to the same en- 
semble. When the functions P, Q, R depend on one or 
several arbitrary functions the group is said to be an infinite 
group or of the infinite order. 

*Lie: ‘Discussion der s=f(z),’? Archiv for 


Math. og Natur., vol. 6, Christiania (1880 
t Lie: “Zor allgemeinen Theorie * * *, »” Leipz. Berichte, 1895. 
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Thus for example the formule 
4= Zz), (20) 
define an infinite group depending on the arbitrary func- 
tion Z(z). 
Designating by p,, 8,, t,, the partial derivatives 


of z, with regard to z, and y,, the equations (19) give the 
following for p,, 9,, a8 functions of z, y, 2, p, 


= Ys % Pr t), 8 = 9,(%, % P, 7, 8, 

t, = Ys 2% DP, 7, 8, €). 

When the equations (19) define a group, the equations 
(19) and (21) also define a group which is called the ex- 
tended * group of the original group (19). 

An equation of the second order F'= 0 is said to admit of 


the group of point transformations (19) when the equation 
is invariant by all the transformations of the extended 


group. 
For example, the second extension of the group (20) is 
given by the equations (21) and the following: 


P,=Zp, =Zrt+Z'p’, Z'pq, 
t= Zt+Z'¢7; 
the elimination of Z and Z” yields 
which show that every equation of the form 


admits of the group (20). 

Consider then the general case of a second order equation 
admitting of an infinite group depending on a single arbi- 
trary function. Let us suppose that the equations (19) of 
this group contain explicitly an arbitrary function and its 
derivatives up to a determinate order. According to Lie’s 
general theories, this group possesses an infinity of differ- 
ential invariants, that,is, functions u(z, y, z, p, g, --) con- 


* Erweiterte Gruppe, groupe prolongé. 
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taining derivatives of z up to as high an order as we wish, 
which are reproduced by all the transformations of the 
group. Let u, v, w be three distinct differential invariants 
such that the equation F = 0 cannot be taken in the form 
O(u, v, w) = 0. Let (S) be any integral of F = 0; choose 
%(u, v, w) in such a manner that this integral (S) satisfies 
the relation ?=0. The two equations 


F=0, 9%(u, v, w) =0, 


admit of all the transformations of the group and having 
already an integral (S) in common, they have an infinity 
of integrals in common depending on an arbitrary function, 
namely, those deduced from S by all the transformations of 
the group. Every integral of the given equation of the 
second order belongs then to another equation which has 
an infinity of integrals in common with F = 0, depending 
on an arbitrary function, without admitting of all of them. 
The equation F=0 is then integrable by the method of 
Darboux. 

Take, for example, the equation (22) which admits of the 


group (20); 2, y, P are three differential invariants of this 


group. Every integral of the equation (22) then verifies an 
equation of the first order 


y 


which admits of infinity of integrals of F = 0, depending on 
an arbitrary function. It is necessary for this that the 
equation of the first order be an intermediary integral of 
the equation of the second order, and that the latter admit 
of an intermediary integral of the first order depending on 
an arbitrary function. It is easy to verify this for the 


equation (22), since putting u= ? that equation becomes 
Ou Ou 


In the same way infinite groups of contact transforma- 
tions * may be used to design differential equations integ- 
rable by the method of Darhoux. Goursat gives an ex- 

* A contact transformation of ordinary space is a transformation of the 


variables (z, y, Z, p, q) into the variables Ny Pry %1) Which leaves 
invariant the Pfaffian equation dz — pdx — qdy —0. 
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ample * to show that these two great categories of infinite 
groups do not determine all equations integrable by Dar- 
boux’s method. 

By extending to an equation of the second order the 
method of Lagrange and Charpit for the equation of the 
first order, Konig has developed a method of integration 
which does not differ essentially from Darboux’s method. 
Goursat concludes the chapter with an exposition of the 
processes employed by Konig.+ 

8. Ampére { gave as a necessary condition that an integral 
of the equation r + f= 0 be a general integral the impossi- 
bility of deducing, from the definition of this integral, any 
relation of equality in the variables (2, y, z, pio, 
Pr,x—-13 Po,1» Pox) however great the integer k be taken. 
Goursat points out that Ampére did not explicitly state that 
this criterion is sufficient but that in its subsequent use 
Ampére implied his belief in its sufficiency. On the other 
hand, an integral is general in Cauchy’s sense of the word 
if the two series 

yy, 
are convergent for values of y—y, whose moduli do not 
exceed a certain limit, where (z,,y,) can vary arbitrarily 
within a limited domain of holomorphism. 

An integral general in the sense of Cauchy is necessarily 
general in the sense of Ampére, but the converse is not true. 
For this reason, in order to give a solid base to the theory 
of partial differential equations, Goursat adopted in the 
first volume the definition of a general integral which Dar- 
boux deduced from the works of Cauchy. 

In the memoir of Ampére equations admitting of a gen- 
eral integral of the first class are studied. Ampére did not 
express in clear manner exactly what the phrase ‘first 
elass’’ is to signify, but Goursat has gleaned the following 
precise definition of this class of equations from the memoir : 
An equation of the second order, F = 0, is said to admit of 
a general integral of the first class, or simply, to be an equa- 
tion of-the first class, if it is possible to obtain as representa- 


* The equation (z+ y)*s?— 4pqg=0 is integrable by the method of 
Darboux and yet it iia not admit of an infinite group of transforma- 
tions. 

+ Mathematische Annalen, vol. 24. 

t ‘‘ Considérations générales sur les intégrales des are aux différ- 
entielles partielles,’’ Journ. del’ Ee. Polytech. , vol. 
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tives of the general integral of the equation, equations of 
the following form : 


a= V,[¢, 8, (2). (2); 
(A), 

y= Vi[2,8,f, (2), (2), (2), 
(8), (A), J, 

z= V,[2, 4,f, (4),f! (2) (2); 


where V,, V,, V, are determinate functions of two auxili 
functions a and £, of p functions of a, f, f, (2), --,f, (2), 
of q functions of £, ¢, (7), ¢, (8), ~-, ¢,(7), and of a finite 
number of their derivatives, the p functions of f, ---, f, 
being subjected to the condition of verifying p — 1 differen- 
tial equations of any order whatever, the g functions of 
P; having to verify g—1 differential equations of 
any order whatever; the formule (23) then contain in 
reality only two arbitrary functions, one arbitrary function 
of a and one arbitrary function of f. 

At the close of his memoir, previously cited, Darboux 
announces that his method is applicable to all equations 
of the first class. Goursat proves this theorem by proving 
that the theorem can be extended to equations possessing 
an integral more general than that given by the equations 
(23), namely, to the equation whose general integral is 
represented by formulz such as 


z= V,[, 2, f’(2), ¢(4), 
where the F, are defined by the system of total differential 
equations 
dF, = [a, 8, f(a), --, ¢(A), 9™(B), 
(8), F,, F,) df, (t=1, k) 

which are supposed to be completely integrable whatever 
the arbitrary functions f(a) and ¢(f) are. 

The -study of the method of Darboux suggests a great 


number of subjects for investigation. For example, it would 
be very interesting to know all the equations of the second 


(23) 


- 
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order to which the method of Darboux is applicable with 
suecess. For those equations whose two systems of charac- 
istics coincide, the problem has been completely solved (the 
solution is given in the preceding chapter); but the solu- 
tions of the general case which we now possess are extremely 
special. Goursat proposes to investigate the particular prob- 
lem of finding all those equations which have an explicit 
general integral, 7. e., such that x, y, and z can be expressed 
as determinate functions of two auxiliary variables 2, 7, of 
an arbitrary function of a, of an arbitrary function of £, and 
of a finite number of their derivatives. This problem is re- 
ferred to one proposed by Moutard,* whose solution is the 
same as that of finding all linear equations for which the 
series of Laplace terminates in both directions. 

Goursat observes that the investigations of the treatise 
show that the method of Monge, that of Laplace, and those 
methods more or less particular proposed for special forms, 
are all included in the general method of Darboux, which 
appears thus as the-most powerful means we possess of in- 
tegrating a partial differential equation of the second order, 
or, putting it more precisely, of referring the problem of in- 
tegration to that of integrating one or more systems of or- 
dinary differential equations. In 1872, Maurice Lévy an- 
nounced + without demonstration, a necessary and sufficient 
condition for obtaining the general integral of a partial dif- 
ferential equation of the second order by means of the in- 
tegration of k successive systems of ordinary differential 
equations, each containing any number of equations with 
an equal number of unknowns ; this criterion is the same 
as that deduced by the application of Darboux’s method. 
Lévy’s theorem remained undemonstrated until very re- 
cently. E. von Weber{ has given a demonstration with 
which, with slight modifications, Goursat concludes this 
chapter. 

9. Lie’s theory of contact transformations plays a most 
important part in the theory of partial differential equations 
of the first order ; to integrate a first order equation having 
a single unknown function and any number of independent 
variables, is to find a suitable contact transformation which 


* Comptes Rendus, vol. 70, p. 834; the theorems given by Moutard 
have been demonstrated by Cosserat in a note added to the fourth volume 
of Darboux’s ‘‘ Théorie générale des surfaces.”’ 

+ Comptes Rendus, vol. 75, p. 1094. 

tE. von Weber: ‘‘ Ueber partielle Differentialgleichungen II. Ord- 
nung, die sich durch gewdhnliche Differentialgleichungen integrieren 
lassen,’’ Sitzungsb. d. math.-phys. Classe d. k. bayer. Akad. d. Wiss., vol. 
26 (1896), pp. 425-437. 
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will reduce the equation to an immediately integrable form, 
say p,=0. Contact transformations have not so wide an 
application to partial differential equations of the second. 
order. In certain cases an equation of the second order can 
be referred to a simpler form by contact transformation, 
but it is not possible to transform an equation which is not 
integrable by Darboux’s method into one integrable by that 
method, by contact transformation. On the other hand, 
when two equations are derivable, one from the other by 
contact transformation, if the one is integrable by the 
method of Darboux, the other is also integrable by this 
method. There are transformations whose successful appli- 
cability is conditioned on the particular form of the equa- 
tion ; such, for example, are the transformation of Laplace 
and that used for integrating Liouville’s equation. 

The present chapter proposes a review of those trans- 
formations most frequently employed, and an attempt to re- 
fer them to certain general types. Goursat begins with 
those equations of the second order in which one of the 
derivatives of the unknowh function verifies a single equa- 
tion of the second order. The transformation, formed by 
substituting this derivative as a new unknown, includes var- 
ious known transformations, in certain cases transforms 
linear equation into non-linear and conversely, is sometimes 
applicable repeatedly to the same equation, and leads toa 
more general transformation of the same kind by combining 
it with a contact transformation. The author applies this 
type of transformation to several examples. 

The study of a system of two simultaneous equations of 
the first order in two unknown functions may lead in certain 
cases, by the elimination of one of the unknown functions, 
to equations of the second order which are integrable simul- 
taneously. In this event. several correspondences are pos- 
sible; 1° the integrals of the two resulting second order 
equations may correspond one-to-one ; 2° an integral of the 
first, say, may correspond to an integral of the second, 
while to an integral of the second there corresponds an in- 
finity of integrals of the first, depending on an arbitrary 
constant ; 3°.to every integral of one equation there may cor- 
respond an infinity of the other depending on an arbitrary 
constant. The author discusses these various possibilities 
in detail. One remarkable transformation among those 
thus derived is the well known one which presents itself in 
the study of surfaces of constant curvature.* In case the 


* Darboux : ‘‘ Théorie générale des surfaces,’”’ vol. 3, pp. 432 ff. 
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two equations of the above system are linear, the adjoined 
equation * is a useful auxiliary. The adjoined equation has 
the same invariants as the original equation, taken in the 
reverse order. This property leads to the transformation 
known as the transformation of Moutard.+ These trans- 
formations are cases of more general transformations called 
the transformations of Backlund.{ The author defines and 
discusses these transformations and gives Backlund’s par- 
ticular example § of such a transformation and also the 
more recent example given by Cosserat. || He points out 
that the transformation qg= 14, already studied, and which 
transforms the equation 


X,(«)p X,(2)z + F(z, Ys 4; t) 


into the equation 


Os Oxdy = at: Oy’ 


is not a transformation of Backlund nor equivalent to a 
succession of transformations of Backlund. 

Lie’s theory of contact transformations, the investigation 
of the simultaneous system of two differential equations of 
the first order containing two unknown functions and the 
resulting transformations together with the analogous study 
for the definition of Backlund’s transformation prepare 
Goursat to conclude this difficult part of the subject by 
formulating the following definition of transformations 
which, when developed, will probably constitute the most 


* The adjoined equation of the linear equation 
Ar + Bs + Ct+ Dp+ Eqt+ Fe=0, 
for example, expresses the condition that the product 


v(Ar + Bs+ Ct+ Dp + Eq -+ Fz) 
shall have the form 


where Pand Q are functions of z, %, z, p,q. See Darboux:—‘‘ Théorie 
générale des Surfaces,’’ vol. 2, chap. 4 

t Comptes Rendus, vol. 70, :p. 834 (1870) ; Journ. de VEc. Poly , vol. 
45 (1878). 

+ Mathematische Annalen, vol. 17 (1880), vol. 19 (1882). 

4 Lunds Universitets Arsskrift, vol. 19 (1883). 

|| Comptes Rendus, vol. 124, pp. 741-744 ( April 1897). 


, 
‘ax Oy’ 


1898. ] GOURSAT’S DIFFERENTIAL EQUATIONS. 485 


powerful transformation-implement yet known in the theory 
of partial differential equations : 
Consider a system of m equations of the first order 


F,=0, F,=0,--, F,=0, (24) 
in two independent variables z, y and n unknown functions 
%,(n=m). The elimination of all the unknown 


functions except one of them leads, in general, to several 
simultaneous equations for determining the latter. Imagine 
that all the partial derivatives of z,, z,, --- , z,, starting at a cer- 
tain order, can be expressed by means of the equations (24) 
and those derived from them by differentiation, in terms of 
partial derivatives of a lower order and of the partial de- 
rivatives of z, If, by writing the conditions of integrabil- 
ity, we are led to a single equation of the second order in z, 


( By? By On” oy? 


the integration of the system (24) is referred to the integra- 
tion of the equation (25). To every integral of this equa- 
tion there correspond integrals of the system (24), depend- 
ing on a finite number of arbitrary constants, which are 
obtained by the integration of a system of ordinary differ- 
ential equations. Now, it can happen that this reduction 
of the system (24) to an equation of the second order can 
be effected in several different ways essentially distinct. 
For example, imagine that, after a change of variables if 
necessary, the elimination of the »—1 new unknowns 
leads to an equation of the second order for the last un- 
known 


=0, (25) 


Ou 


Ou 
G,(2, ¥, = 03 (26) 


we have thus established a correspondence between the 
equations (25) and (26) of such a nature that the integra- 
tion of one carries with it the integration of the other. To 
every integral of one of them correspond integrals of the 
other depending on a finite number of constants and ob- 
tained by integrating a system of ordinary differential equa- 
tions. If one of the two equations is integrable by the 
method of Darboux the other is integrable by the same 
method. 

10. The notion of characteristics extends itself without 
difficulty to equations of a higher order or to systems of 
any number of equations, provided the number of indepen- 
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dent variables is two. Darboux’s method of integration, 
which rests on the theory of characteristics, is capable of a 
similar extension without other difficulty than that of the 
increasing complication in the computations. Goursat pro- 
poses in the concluding chapter to examine two particularly 
important cases, that of a unique equation of the nth order 
and that of a system of » equations of the first order in n 
unknowns. Hamburger has devoted two important mem- 
oirs* to this study ; the author follows a different course 
from that adopted by Hamburger, which he regards as more 
natural and fruitful. The recent memoirs; of E. von 
Weber appeared too late to be available in the preparation 
of this chapter. 

The point of departure, as usual, is the problem of 
Cauchy. This problem generalized for an equation of the 
nth order consists in determining an integral of this equa- 
tion admitting of all the elements of a given orientation of 
n—1 elements and regular in the neighborhood of one of 
these elements. A study of the characteristics of the nth 
and higher orders leads to extensions of the theorems 
already found for those of the second order. There is a 
great analozy in both the reasoning and the results between 
the case of the characteristics of second order equation and 
that of those of an equation of the nth order. But there is 
also an essential difference. If two characteristics of the 
different systems of a second order equation have a second 
order element in common, they belong to the same integral 
surface. On the contrary, in the case of an equation of 
order n > 2, two nth order characteristics of different sys- 
tems, having an nth order element in common, do not ap- 
pertain, in general, to the same integral surface. 

The question as to whether an nth order equation admits 
of (n—1)th order characteristics leads to thé result in 
ease of linear equations that an nth order linear equation 
admits, in general, of n distinct familiesof (mn — 1)th order 
characteristics, which are defined by linear equations in the 
differentials ; then the method of Monge for equations of 
the second order can be immediately extended to linear 
equations of the nth order. 


* Zur. Theorie der Integration eines Systems von n linearen partiellen 
Differentialgleichangen erster Ordnung mit zwei unabhangigen und n 
abhangigen Veranderlichen,’’ Crelle, vol. 81 ; ‘‘ Zur Theorie der Integra- 
tion eines Systems von n nicht linearen partiellen Differentialgleichungen 
erster Ordnung mit zwei unabhangigen und x abhangigen Veranderli- 
chen,”’ Crelle, vol. 93. 
t Mathematische Annalen, vol. 79 ; Crelle, vol. 118. 
{ Natani: “‘ Die hobere Analysis,’’ p. 380. 
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The method of integration of Darboux is applied without 
difficulty to equations of any order in two independent 
variables. The method of exposition which Goursat adopts 
in extending the method of Darboux includes as a particu- 
lar case the extension of the method of Monge when its ex- 
tension is possible. 

Taking the second problem proposed in the introduction 
of the chapter Goursat makes a rapid study of a system of 
n equations of the first order in n unknowns in which the 
principal steps are the setting of a problem analogous to 
Cauchy’s problem, the definition and determination of the 
characteristics of the first order, the extension of Monge’s 
method, the study of singular systems and their reduction 
to a normal form, the consideration of zero order character- 
istics, of Jacobi’s equations,* of linear systems, and of 
characteristics of a higher order. 

The chapter ends with certain generalities on equations 
having more than two independent.variables. All the 
methods of the book rest upon the consideration of certain 
one-dimensional manifoldnesses or characteristic manifold- 
nesses, which possess particular properties relative to a given 
equation. In order to extend the methods to equations in 
more than two independent variables it seems most natural 
then to inquire, first, how this fruitful notion of characteris- 
tics can be extended. This extension can be made in several 
ways according to what property of characteristics is taken 
as the most important. For example, we can start with the 
problem of Cauchy generalized as Beudonj has done. Gour- 
sat indicates another extension which leads only to very par- 
ticular forms in three variables. Natani{ has pointed out a 
possible extension of the method of Monge to linear equations 
of the second order having any number of variables. 
Probably the most recent memoir on this phase of the sub- 
ject is that of Vivanti.§ 

The volume is terminated by two notes, one on Dar- 
boux’s auxiliary equation and its use in the application of 
Darboux’s method and the other on certain theorems rela- 
tive to the characteristics of simultaneous systems. 

OpELL Lovett. 


PRINCETON, NEW JERSEY, 
25 April, 1898. 


* Crelle, vol. 2, p. 

Bulletin de la "mathematique, vol. 25, pp. 108-120. 
Loc. cit., p. 388. 

2 Mathematische Annalen, vol. 48 (1897). 
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NOTES. 


University oF Bertin. The mathematical courses an- 
nounced for the summer semester are the following :—By 
Professor BAuscHINGER: Celestial mechanics, modern theo- 
ries.—By Professor von Bezotp: Theoretical meteorology 
(thermodynamics of the atmosphere); meteorological collo- 
quium ; Exercises in the meteorological institute, daily.—By 
Professor Frospentus: Theory of numbers, second part ; The- 
ory of determinants.—By Professor Fucus : On the elements 
of the theory of functions ; Introduction to the theory of dif- 
ferential equations.—By Professor HELMERT : On geometrical 
methods of determining the figure of the earth ; Measure- 
ment of altitude.—By Professor Scawarz: Synthetic geom- 
etry; Elementary geometrical derivation of the most im- 
portant properties of the conic sections ; Applications of the 
elliptic functions ; Mathematical colloquium, twice weekly. 
—By Professor PLancx : Mechanics of solid and fluid bodies ; 
Mathematical physical exercises in connection with the lec- 
tures.—By Professor HEnse.: Differential equations ; Se- 
lected chapters in the theory of the Abelian integrals and 
the Abelian functions.—By Professor HettnErR: On Fourier’s 
series and integrals.—By Professor Knosiaucn: Analytical 
geometry; Integral calculus; Theory of space curves.— 
By Professor LEHMANN-FiLHEs: Potential and sphere func- 
tions ; Theory of the hypergeometric series.—By Dr. Guan: 
Quaternions ; Elements of theoretical physics; Theory of 
light.—By Dr. Hopre: Integral calculus; Analytical me- 
chanics.—By Dr. Kricar-MEnzeL: Graphical representa- 
tion of physical phenomena. 


Untversity oF GotTinceN. The mathematical courses 
announced for the summer semester are the following :— 
By Professor Kie1n: Theoretical mechanics, second part 
(Mechanics of systems) ; Mathematical seminar (together 
with Hilbert); Elementary exercises in mechanics.—By 
Professor Hitzert: Introduction to the theory of differen- 
tial equations ; Definite integrals and Fourier’s series ; Se- 
lected chapters in the theory of numbers ; Seminar : Lectures 
by members on the differential equations of mechanics (to- 
gether with Klein).—By Professor Scu6nriizs: Analytical 
geometry ; Doctrine of assemblages ; Proseminar: Mathe- 
matical exercises.—By Dr. BonimMann: Differential equa- 
tions ; Mathematical exercises in the seminar for the theory 
of insurance. 
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University oF Lerpzic. The mathematical courses an- 
nounced for the summer semester are the following :—By 
Professor ScHEIBNER: Introduction to the theory of the 
elliptic functions.—By Professor Neumann: Analytical me- 
chanics, second part; Mathematical seminar.—By Profes- 
sor Liz: Application of the differential and integral calcu- 
lus to geometry ; Introduction to the theory of differential 
invariants ; On the theory of groups and its application to 
other disciplines.—By Professor Mayer: Calculus of vari- 
ations ; Introduction to algebra and the theory of determi- 
nants; Exercises in the calculus of variations.—By Profes- 
sor EncEL: Theory of functions according to Weierstrass ; 
Mathematical seminar.— By Dr. Hausporrr: Analytical 
geometry for beginners; Elements of the mathematics of 
insurance, with practical exercises; Chronology and the 
construction of calendars.—By Dr. Kyosiaucn: Funda- 
mental principles of mathematical chemistry. 


University oF Municu. The mathematical courses an- 
nounced for the summer semester are the following :—By 
Professor BAvER: Analytical geometry of space ; Mathemat- 
ical seminar.—By Professor LinDEMANN: Integral calculus, 
with exercises; Theory of substitutions and of algebraic 
equations; On the applications of the Hamiltonian princi- 
ple ; Mathematical seminar.—By Professor SEELIGER: Celes- 
tial mechanics, second part ; The Jacobi-Hamiltonian per- 
turbation formule.—By Professor Princsuxim: Elliptic 
functions; Selected chapters in the theory of functions.— 
By Professor GraEtz: Introduction to theoretical physics ; 
Electromagnetic theory of light.—By Dr. Brunn: Elements 
of higher mathematics for students of all departments.— 
By Dr. Déutemann: Descriptive geometry, second part, 
(axonometry, perspective) ; Exercises in descriptive geom- 
etry ; Modern synthetic geometry, second part; Exercises 
in modern geometry.—By Dr. von WEBER: Determinants 
with applications; Introduction to the theory of partial 
and total differential equations.—By Dr. Korn: Analytical 
mechanics; D’Alembert and Lagrange; Introduction to 
original research in the field of theoretical physics. 


CotumB1A University. During the academic year 1898— 
99 the following advanced courses will be given by the de- 
partment of mathematics, each course occupying three 
hours a week throughout the year :—By Professor Fiske: 
Advanced calculus; Theory of Abelian functions.—By Pro- 
fessor CoLE: Riemann’s theory of functions including ellip- 
tic functions; Theory of linear transformations and the 
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higher theory of equations.—By Mr. Macray: Differential 
equations.—By Mr. Keyser: Higher plane curves.—By Dr. 
CHITTENDEN: Advanced analytical geometry. 


Tue University oF Caicaco. During the four quarters 
(su, a, w, sp) of the year July, 1898—June, 1899, the fol- 
lowing advanced mathematical courses (four or five hours 
weekly) will be offered:—By Professor Moore: Seminar 
devoted to research work, especially in groups, algebra, ad 
arithmetic (w, sp); Transfinite totalities (a); Elliptic 
modular functions (sp); Abstract groups (w); Projective 
geometry (a).—By Professor Boiza: Elliptic functions 
(a); Hyperelliptic functions (w) ; Advanced integral cal- 
culus (a, w).-—By Associate Professor MascakE: Seminar 
devoted to research work, especially in linear homogeneous 
substitution groups (sp); Theory of. invariants (sw) ; 
Functions of a complex variable (su) (w); Modern ana- 
lytic geometry (w); Higher plane curves (sp).—By Assist- 
tant Professor Younc: Mathematical Pedagogy (4sw) ; 
Theory of equations (a, w).—By Dr. Boyp: Differential 
equations and applications (sp).—By Dr. Hancock: Cal- 
eulus of variations (su); Theory of equations (su).—By 
Dr. Advanced integral calculus (su); Solid 
analytics (sp).—By Dr. Laves: Analytical mechanics 
(a, w, sp).—By Dr. Mrtier (of Cornell University): Semi- 
nar in permutation groups (4su). 

The Mathematical Club, with fortnightly meetings, is 
under the direction of the departmental faculty. 


Harvarp University. The following advanced mathe- 
matical courses are offered for the year 1898-99 :—By Pro- 
fessor J. M. Perrce: Algebraic plane curves; Quater- 
nions (second course ).—By Professor Byerty: ‘Differentia) 
and integral calculus (second course); Dynamies of a 
rigid body.—By Professors Byerty and B. O. Pzirce 
Fourier’s series, spherical harmonics, potential function. 
—By Professor B. O. Petrce: Theory of surfaces.;—By 
Professor Oscoop: Infinite series and products} ; Galois’s 
theory of equationst ; Riemann’s theory of functions (to 
follow the elementary course in the theory of functions). 
—By Professor Bécner: Theory of equations and in- 
variants.+ Theory of functions (first course); Theory of 
numbers.t—By Dr. Bouron: Modern methods in geom- 
etry ; Lie’s theories -as applied to differential equations. 

These courses will each involve three lectures a week 
throughout the entire academic year except those marked 
+ which involve about half this number of lectures. The 
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following courses of reading and research are also offered : 
—By Professor J. M. Perrce: Elliott, Algebra of quan- 
tics—By Professor Byerty: Picard, Traité d’analyse, 
Vol. I.—By Professor Oscoop: The icosahedron and the 
elliptic modular functions.—By Professor BécnEr: Eu- 
clid and the hypotheses of geometry. 

A mathematical conference will meet twice a month. 

The more elementary subjects taught will be the same 
as in recent years (see BULLETIN for May, 1896). 

A good deal of work of a character largely mathematical 
is also given under the headings Astronomy, Physics, and En- 
gineering. 


Mr. R. T. GLAzesrook, F.R.S., has resigned his position 
as lecturer in applied mathematics at Cambridge University. 


Proressor J. M. ScHAEBERLE, astronomer at the Lick 
Observatory, has resigned his position. 


Proressor GEorcE H. Darwin has been elected a foreign 
honorary member of the American Academy of Arts and 
Sciences as successor to the late Professor J. J. Sylvester. 


Proressor E. O. KENDALL has presented his mathemat- 
ical library of about one thousand volumes to the Univer- 
sity of Pennsylvania. 


Tue degree of LL.D. has been conferred by the Univer- 
sity of Aberdeen on Dr. CHARLES CHREE, superintendent of 
Kew Observatory. 


ProressoR HERMANN ScHaPiRA, professor of mathematics 
at the University of Heidelberg, died at Cologne, May 9th, 
at the age of 57 years. 


A CONSIDERABLE number of mathematical books belong- 
ing to the library of the late Professor J. E. O.tver of Cor- 
nell University are offered for sale.- A printed price list 
may be obtained from Mrs. Oliver, Ithaca, N. Y. 
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NEW PUBLICATIONS. 


I. HIGHER MATHEMATICS. 


BELLACCHI (G.}. Lezioni ed esercizi di algebra complementare. Fasci- 
coloI. Firenze, Barbéra, 1898. 16mo. pp. 1-159. Fr. 2.00 


Déutp (H.). Aufgaben zur Differential- und Integralrechnung, nebst 
den Resultaten und den zur Lsung notigen theoretischen Er- 
liuterungen. 7te Auflage, neu bearbeitet von E. Netto. Giessen, 
Ricker, 1898. 8vo. 3and 216 pp. Cloth. Mk. 4.00 


MAENNCHEN (P.). Die Transformation der trilinearen ternaren Form 
in eine teilweise symmetrische. [Diss.j Leipzig, Teubner, 1898. 
8vo. 32 pp. Mk. 1.20 


Murray (D. A.). An elementary course in the integral calculus. (The 
Cornell Mathematical Series, edited by L. A. Wait, No. 1.) New 
York, American Book Company [1898]. 12mo. 14 and 288 pp. 
Cloth. $2.00 


Netto (E.). See (H.). 


PETERSEN (J.). Matematiske Opgaver i det polytekniske Pensum med 
et tillaeg indeholdende de seneste Aars Eksamensopgaven. Kjoben- 
havn, 1898. 8vo. 104 pp. Mk. 2.50 


Rossi (A.). Sulle integrazioni estese alle varie forme dei campi deri- 
vanti dai differenti sistemi di codrdinate. Padova, Gallina, 1897. 
Svo. 16 pp. 


ZULAUF (K.). Ueber Tripelsysteme von 13 Elementen. [Diss.] Gies- 
sen, 1897. Svo. 22 pp. 


II. ELEMENTARY MATHEMATICS. 


BIocHE (C.). Eléments de géométrie, 4 l’usage des classes de lettres. 
2e édition, corrigée. Paris, Belin, 1898. 12mo. 191 pp. Fr. 1.50 


Bock (O.) und Scnuuze (R.). Geometrische Konstruktions- und 
Rechenaufgaben fir Volks- und Fortbildungssechulen. 2te Auflage. 
Leipzig, Wunderlich, 1898. 8vo. 4 and 51 pp. Mk. 0.40 


Lésungen. Leipzig, Wunderlich, 1898. 8vo. 36 pp. Mk. 0.50 


Dupuis (J.). Tables de logarithmes 4 cing décimales, d’aprés J. de La- 
lande, disposes 4 double entrée et revues. Edition stéréotype, con- 
tenant les logarithmes des nombres entiers de 1 4 10,000, les lo- 
garithmes des sinus et des tangentes calculés de minute en minute 
jusqu’ 4 90 degrés, plusieurs tables usuelles et un grand nombre de 
formules et de nombres utiles. Paris, Hachette, 1898. 16mo. 4 
and 230 pp. Fr. 2.00 


Huser (O.). Sammlung von arithmetischen Aufgaben mit ausgefiihrten 
Beispielen fiir Forthildungsschulen, hohere Biirgerschulen und abn- 
liche Lehranstalten, sowie auch fiir die Unterklassen von Mittel- 
schulen. Part I. Miinchen, Oldenbourg, 1898. 8vo. 5 and 76 pp. 

Mk. 1.25 


LUHMANN (F. v.). Uebungsbuch fiir den Unterricht in der Gonio- 
metrie und der ebenen Trigonometrie. Berlin, Simion, 1898. 8vo. 
8 and 81 pp. Mk. 1.60 
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(P.) und Scumipt (O.). Raumlehre fir Mittelschulen, Biir- 
gerschulen und verwandte Anstalten. Nach Formengemeinschaften 
bearbeitet. Vol. III. Dessau, Kahle, 1898. 8vo. 7 and 96 pp 

Mk. 0.70 

MATHEMATICS. Matriculation model answers. London University 
papers from July, 1890, to January, 1898. (University tutorial 
series.) London, Clive, 1898. 8vo. 228 pp. 2s. 


MATHER (R.). Yale University entrance examinations in mathematics, 
1884-1898. New Haven, Judd, 1898. 8vo. 146 pp. Cloth. $2.00 


ScHINDLER (E. ). Das natirliche System der Elemente der Geometrie, 
der Normalunterrichtsgegenstand fiir unsere hoheren Schulen. Leip- 
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